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Abstract . We consider Banach valued Hardy and BMO spaces in the Bessel setting. Square 
functions associated with Poisson semigroups for Bessel operators are defined by using frac- 
tional derivatives. If B is a UMD Banach space we obtain for B-valued Hardy and BMO spaces 
equivalent norms involving 7-radonifying operators and square functions. We also establish 
characterizations of UMD Banach spaces by using Hardy and BMO-boundedness properties 
of g-functions associated to Bessel-Poisson semigroup. 

1. Introduction 

If {Pt}t>Q denotes the classical Poisson semigroup, for every fc e N, the fc-th square (also 
called Littlewood-Paley-Stein) function gk{{Pt}t>o) is defined by 

9k{{Pt}t>o){f){x) ^ i^j^ \t''d^Pt{f){x)\ -j , xeR\ 

for every / G LP(M"). It is well-known that, for every k E N and 1 < p < 00, there exists C > 
such that 

(1) ^ll/IU.(E") < \\9k{{Pt}t>o)if)\\Lm-) < cil/IU^K"), / e L^i^n, 

or, in other words, for every fc € N, the norm || • ||p_fc defined by 

ll/IU = \\9ki{Pt}t>o)if)\\LHM'^), f e LP 

is equivalent to the usual norm in LP(IR"). These equivalent norms || • ||pjr, are more suitable to 
establish LP-boundedness properties of certain operators (for instance, Fourier multipliers ( |371 
p. 58])). 

Square functions have been also defined for other semigroups of operators. In |37j it was de- 
veloped the Littlewood-Paley theory for diffusion semigroups. If {Tt}t>o is a diffusion semigroup 
(in the sense of Stein) on the measure space (i7,I],/i) where /i is a a-finite measure defined on 
the cr-algebra E in 51. for every fc e N, we define 

gk{{Tt}t>o){f){x) = ^J^ \t'^d^T,{f){x)\' jj , xen, 

for every / S L^i^, y), 1 < p < 00. 

We have that, for every fc € N and 1 <p < 00, there exists a constant C > such that 

(2) 7^11/ - -Eo(/)||LP(n,^) < ||3fc({rf}t>o)(/)||Lp(o,p) < C'||/||LP(n,^), 
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for every / G U'{Vl,ii) ([26J). Here i?o denotes the projector from U'{Q,,^) to the fixed point 
space of {Tt]t>o- In ( j37| Corollary 3, p. 121]) (14 1 was used to study L^-boundedness of 
Laplace transform type multipliers associated to {Tt]t>o- Spectral multipliers for a general class 
of operators were analyzed by Meda (|31]) by using functions . 

Also, the square functions have been defined by using convolutions. Suppose that ■0 G 
We define the square function g^i, as follows: 

/ roo i,\ 1/2 

where ipt{x) — t^"ip{x/t), x e M" and t > 0. Conditions on the function ip can be given in order 
that the norm || • ||^ defined by 

is equivalent to the usual norm in L^'(M") (see [55, Remark 2.3]). Note that the classical Poisson 
semigroup is a convolution semigroup. 

Assume now that B is a Banach space and Vl C M" (for us, usually, £7 = M or 51 = (0, oo)). For 
every 1 < p < cx), we denote by i^(ri, B) the p-th Bochner-Lebesgue B- valued function space with 
respect to the Lebesgue measure. By L^^°°(ri,B) we represent the weak i^-Bochner-Lebesgue 
B- valued function space. 

Suppose that T is a bounded operator from L^'(M") into itself, for some 1 < p < oo. We 
can define the tensor operator T 1^ on L^'(K") (g) B in the natural way. Here /b denotes the 
identity operator in B. We cannot ensure that T^Ib can be extended to L^'(K", B) as a bounded 
operator in LP(M",B). However, if T is a positive operator, that is, T{f) > when / > 0, then 
T (X) /b can be extended from LP(M") (g) B to LP(M",B) as a bounded operator from LP(M",B) 
into itself. 

If {Tt}tyo is a diffusion semigroup, is a positive operator in (H), for every t > and 
1 < p < oo. Then, for every t > the operator Tt<E)lB can be extended to L^'(J7,B) as a bounded 
operator from (0,B) into itself, for every 1 < p < oo. We continue denoting this extension by 
Tt. 

In order to define square functions acting on B-valued functions the more natural way is to 
replace the modulus in the definitions by the norm || • ||b in B. We consider, for every k (z N and 
1 < p < oo, 

9kA{Pt}t>o){f){x) ^ [^J^ ||t^-afP*(/)(x)||„-j , xeR-, 

for every / e LP(M",B). 

Kwapieh [55] established that the Banach- valued version of ^ characterizes the Hilbert spaces 
in the following sense: B is isomorphic to a Hilbert space if, and only if, for some (equivalently, 
for every) 1 < p < oo, there exits C > such that 

(3) ^II/IIlp(R",B) < ll5l,B({-Pt}t>o)(/)||LP(R",B) < C||/IIlp(R" J), 

for every / G LP(M", B). For this type of vector valued g-functions the question is to describe the 
Banach spaces B for which one of the two inequalities in (|3| holds. This problem was considered 
in the first time by Xu [ll] by using square functions defined by the Poisson semigroup for the 
torus. In Xu introduced generalized square functions where the exponent 2 is replaced by 
q E (l,oo) and he characterized the Banach spaces of g-martingale type and cotype as those for 
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which some of the inequalities for the g-square function in ([3]) holds. After Xu's results, other 
authors have investigated this question for vector valued g-square functions associated with other 
semigroups of operators (see [T], |T3], |3T] and [H], amongst others). 

Hytonen and Kaiser and Weis ([57] and |5H]) have introduced other definitions of square 
functions in vector valued settings. They obtained, by using these new square functions, equiva- 
lent norms in LP(M",B), 1 < p < oo, and also in the Hardy space i/^(M",B) and in the bounded 
mean oscillation function space BAIO{M." ,M), provided that B is a UMD Banach space. 

Hytonen (in [26 ) defined square functions associated with subordinated diffusion semigroups 
in terms of stochastic integrals. Kaiser and Weis ([57] and ^E\) used 7-radonifying operators 
to get equivalent norms by employing convolution type square functions. Both approaches 
(stochastic integrals and 7-radonifying operators) are connected (see, for instance, [13]). In this 
paper, we will work with square functions involving Poisson semigroups associated with Bessel 
operators and we will use 7-radonifying operators. 

UMD Banach spaces (as in [26], [23 and [28]) play an important role in our results. The 
Hilbert transform H{f) of / is defined by 



for every / £ L^iR), I < p < 00. It is a key result in harmonic analysis that the Hilbert 
transform is a bounded operator from LP(M) into itself, for every 1 < p < 00, and from L^(M) 
into Li^°°(M). 

It is clear that the Hilbert transform is not a positive operator in Lp{R), 1 < p < 00. A 
Banach space B is said to be a UMD Banach space when the operator T-L® Ik can be extended 
from LP(K)(g)B to LP(E,B) as a bounded operator from L^'(M,B) into itself, for some 1 < p < cx). 
This extension property does not depend on 1 < p < 00 in the following sense: the extension 
property holds for some 1 < p < cx) if , and only if, it is true for every 1 < p < 00. 

The main properties of UMD Banach spaces were established by Bourgain ([18J) and Burkholder 
f|20j'). There exist a lot of characterizations for UMD Banach spaces (see, for instance, [TB], |19| . 
[IS], [H], [15], [35], and [S]). 

We recall now some definitions and properties concerning 7-radonifying operators. Suppose 
that (7fc)/cgN is a sequence of independent standard Gaussian random variables on a probability 
space (ri, S, P), B is a Banach space and H \s & Hilbert space. liT : H — > B is a linear operator 
we define as follows: 



where the supremum is taken over all the finite ortonormal sets {ft-fc} in H. Here E denotes the 
expectation in (ri,E,P). The space 7(_ff, B) of 7-radonifying operators from i7 to B is defined 



the space of bounded linear operators from H into B. 

If is a separable Hilbert space and the Banach space B does not contain copies of cq then 





as the completion, with respect to || • | 



(H.B), of the space of finite rank operators in L{H,M), 




4 



J.J. BETANCOR, A.J. CASTRO, AND L. RODRlGUEZ-MESA 



where {hk}'^i is an orthonormal basis of H. Note that the quantity in the right hand side in 
the last equality does not depend of the orthonormal basis {/ifcj^i of H. If B is a UMD Banach 
space, B does not contain copies of cq. 

Suppose now that H = L^{A, F, /i) where {A, F, /i) is a cr-finite measure space with countably 
generating cr-algebra F and let B be a Banach space. If f : A — s- B is weakly continuous in H, 
that is, for every S E M* , the dual space of B, S o f £ H, then there exists Tf e L{H,M) such 
that 

(5,r/(/i))B.,B = / {S,fit))B',«hit)dfiit), heH. 

J A 

It is usual to write / € ^{A, ^,M) when Tf e 'y{H,M) and. to simplify, to identify / with Tf. If 
B does not contain copies of cq, the space {!/,/ e ^{A, fj,,M)} is dense in j{H,M). Throughout 
this paper we consider H — L'^{{Q,oo),dt/t). 

As a consequence of [28, Theorem 4.2] we can deduce the following result. 

Theorem A. Let M be a UMD Banach space and fc £ N. We define 

Gfc,B(/)(i,x) = t''d!^Ptif){x), xeW andt> 0, 

for every f G S'(M",B), the R-valued Schwartz function space. Then, there exists C > such 
that 

(4) ^ll/ll£;(R",B) < \\Gk3{f)\\E(R",y{H,M)) < C\\f\\E{m'tfi), 

where LP, l< p < oo, E = or E = BMO. 

Note that, since ^{H, C) = i?, Q can be seen as a Banach valued extension of ([T]). 

Motivated by Theorem]^ our objective in this paper is to obtain equivalent norms for Hardy 
and BMO spaces defined via Bessel operators by using square functions involving Bessel Poisson 
semigroups in a Banach valued setting. 

The study of harmonic analysis associated with Bessel operators was started by Muckenhoupt 
and Stein ([33j. We consider the Bessel operator 

Aa = -x^^^x'^^-^x''^ on (0,oo), 
dx dx 

where A > 0. The Hankel transform h\ is defined by 

/>oo 

h\{f){x)^l y/xyJx-i/2{xy)f{y)dy, a;e(0,cx)), 
Jo 

for every / G L^(0, oo). By we denote the Bessel function of the first kind and order v. 
The Hankel transform can be extended from i^(0, co) n i^(0, oo) to -L^(0, oo) as an isometry in 

i2(0,C3o). 

The space 5*^(0, cx)) is constituted by all those smooth functions (j) on (0,oo) such that, for 
every m, fc G N, 

k 



V,n,M^ sup (I+X') 



2\m 



ld_ 

X dx 



) (x-'H^)) 



< oo. 



Sx{0,oo) is endowed with the topology generated by the system {Vm k}m,keN of seminorms. 
Thus, S\{0, oo) is a Frechet space and the Hankel transform h\ is a bounded bijective operator 
from S\{0, oo) into itself and h^^ = hx (gS] Theorem 5.4-1]). 
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The Bessel operator Aa and the Hankel transform h\ are closely connected, as the following 
equality shows: 

/ia(Aa/)(x) = x^hx{f){x), X € (0, oo), 

for every / e S\(0, oo). The Hankel transform plays for the Bessel operator the same role as the 
Fourier transformation with respect to the Laplacian operator. 
We define the operator ^/ Ax as follows: 

v^/ = /iA(y/iA(/)), feDi^x), 

where D{y/A^) = {/ G ^^(0,00) : yhx{f) G L2(0,oo)}. The Poisson semigroup {P^}t>o 
associated with the Bessel operator Aa, that is, generated by the operator —^/A\, is defined by 

/•oo 

Pt{f){x)= Pt\x,y)f{y)dy, t,xG(0,oo), 



for every / g LP{0, 00), I < p < 00, where 

pA( ) ^ 2Ai(xy)^ r t,x,ye{0,oo). 

' ^ Jo [{x-y)^ + t'^ + 2xy{l-cos0t+^ V, 7 

Square functions defined by the Bessel Poisson semigroup have been studied in [T3], [H] and 
|39| . amongst others. In [13 it was considered generalized Littlewood-Paley functions associated 
with {P^}tyo in a Banach valued setting. If B is a Banach space and 1 < q < 00 we consider 
the g-square function defined by 



9U{Pt}t>o)if)ix)=^J^ \\tdtP,\f){x)\\ljj , xe{0,^). 

By using these Littlewood-Paley functions, martingale type and cotype of the Banach space B 
can be characterized. Moreover, as in the classical case [29], according to |13l Theorems 2.4 
and 2.5], if A > 0, the Banach space B is isomorphic to a Hilbert space if, and only if, for some 
(equivalently, for every) 1 < p < 00, there exists C > such that 

(5) ^II/IIlp((0,oo),B) < ll5l({^'}t>0)(/)llLP(0,oo) < C^II/IIlp((0,oo),B), / G LP((0, oo) , B) . 

In order to extend the equivalence ([5| to Banach spaces that are not Hilbert spaces we define, 
motivated by [28, , new square functions involving Bessel Poisson semigroup and 7-radonifying 
operators. 

In [36] Segovia and Wheeden introduced fractional derivatives as follows. Suppose that F : 
(0, 00) X M — > C is a nice enough function, /3 > and m G N is such that m — 1 < (3 < m. The 
/3-th derivative F of F with respect to t is defined by 

d^FU, x) = —, — / + s, x)s™"'^^ids, x G M and i > 0. 

r(m- /3) 7o 

We consider the operator 

GY{m.x) = t^d^Pt\f){x), t,xe (0,00), 

for every / G ^^((0, 00), B), 1 < p < 00. 

The following result was established in [6, Theorem 1.2]. 

Theorem B. Let A > 0, /3 > and 1 < p < 00. Suppose that M is a UMD Banach space. Then, 
there exists C > such that 

^II/IIlp((0,oo),B) < l|GB'''(/)llLP((0,oo),7(/i-,B)) < C"!! /II Lp((0,oo),B) , / G ^^((0, Oo) , B) . 
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Note that the Bessel Poisson semigroup {P^}t>o is not a diffusion semigroup because it is 
not conservative. Then, Theorem [B] is not included in [26] Theorem 1.6]. 

Our objective in this paper is to study the operator G^'^ in Hardy and BMO spaces adapted 
to the Bessel setting. 

Fridli [23], in his study about the local Hilbert transform considered the Hardy type space 
H^iO, oo) which consists on all those functions / G L^{0, oo) such that the odd extension function 
fo of / to M is in the classical Hardy space iJ^(M). In [23, Theorem 2.1] the space H^{0, oo) was 
characterized by using the local Hilbert transform. 

The maximal operator P.^ associated with the semigroup {P/'}t>o is defined by 

P,\/)=sup|P,^(/)|, /eL^'(0,oo), l<p<oo. 

t>0 

The space H^(Q,oo) can be described by as follows (see fTD, Theorem 1.10]). 

Theorem C. Let X > and f G L^{0,oo). Then, f e H^{0,oo) if, and only if, P^{f) e 
Li(0,oo). 

Note that, according to Theorem [C) the Hardy space defined by the Bessel Poisson semigroup 
{P/'loo actually does not depend on A. 

If B is a Banach space, the B-valued Hardy space H^({0,oo),M) is defined as in the scalar 
case. By considering the maximal operator P^'^ on L''((0, oo), B), 1 < p < oo, as follows 

P,\/)=sup||P,^(/)||b, 

we introduce the space H^{Ax,M) constituted by all those functions / e P^((0, oo),B) such that 
P^if) £ Li(0,oo). As in Theorem |c] a function / e L\{0,oo),n) is in iJi((0, oo),B) if, and 
only if, / e H^{Ax,M) (see Proposition [2I] . 

By BMO{M.) we denote as usual the space of all bounded mean oscillation functions on M. In 
[5] the space BMOo{0,oo) was introduced. A complex measurable function / on (0,oo) is said 
to be in BMOo{0, 00) when there exists C > such that: 

(Bi) [ \fix)\dx < C, for every / = (0,r), r > 0, 
J I 

{Bii) I \ f{x) ~ fi\dx < C, for each / = (r, s), < r < s < 00. 
K I Ji 

Here, |I| denotes the length of / and fi^J^J I{y)dV- 

Condition {Bii) says that / € PAfO(0, 00). It is not hard to see that / S PAfOo(0,oo) 
if, and only if, the odd extension /o of / to M is in PMO(E). As in the classical case, the 
dual space of Hl{Q, 00) can be identified with the space PMOo(0, 00). In jS] harmonic analysis 
operators (maximal operators, ^-functions, Riesz transforms, . . . ) in the Bessel setting were 
studied on PMOo(0, 00) and in PMOo(0,oo) was described by using Carleson measures 
involving Bessel Poisson semigroups. 

If B is a Banach space, the Banach valued function space PAf Oo((0, 00), B) is defined as in 
the scalar case, replacing the modulus by the norm || • ||b in B. The dual space of ^^^((0, 00), B) 
can be identified with PMOo((0, 00), B*), provided that B has the UMD property. 

Our first result is the following. 
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Theorem 1.1. Let A > 1 and /3 > 0. Suppose that B is a UMD Banach space. Then, there 
exists C > such that 

^ll/l|£;((0,oo),B) < |!G^'''(/)|U((0,oo),7(M)) < C*]] /|1 £;((o,oo),B) , / € £^((0, Oo), B), 

where E denotes or BMOq. 

The Bessel operator Aa can be written as = D*^D\, where D\ = and D*^ = 

^^ '^Ix^^ is the adjoint operator of D\. D\ is used to define the Riesz transform in the Bessel 
setting (see |2])- We consider the operator acting on B- valued functions by 

g^{f){t,x) - tDlP^+\f){x), G (0,oo). 

This operator will be useful to get characterizations of UMD Banach spaces. 

Theorem 1.2. Let A > 1. Assume that B is a UMD Banach space. Then, the operator 
is hounded from iJi((0, oo),B) into i?i((0, oo), 7(i/,B)) and from BA/Oo((0, oo),B) into 
BAfOo((0,oo),7(i/,B)). 

We now establish new characterizations of the UMD Banach spaces by using our square 
functions. 

Theorem 1.3. Let M be a Banach space and A > 1. The following assertions are equivalent, 
(i) B is UMD. 

(a) There exists C > such that, for every f € £'((0,oo)) (8) B, 

ll/IU((0,oo),B) < C\\G^'^{f)\\E{{0,oo),iiH,B)) 

and 

l!^B(/)llB((0,oo),7(ff,B)) < C'll/lls((0.oo),B), 

where E denotes or BMOq. 
(Hi) For a certain (equivalently, for every) (3 > there exists C > such that 

^l!/l|£;((0,oo),B) < ||Gi^'''(/)||£;((0,oo),7(M)) < C'||/||_E((0.oo),B), / G £'((0, oo), B), 
for 5 = (3 and 5 — 13 + 1, where E represents or BMOq. 

In the following sections we present proofs of Theorems |1.2| and |1.3[ 
Throughout this paper by c and C we represent positive constants not necessarily the same 
in each occurrence. 

2. Proof of Theorem 11.11 

2.1. In this part we prove that the operator G^'^ is bounded from H^{{0, oo), B) into H^{{0, oo),j{H, B)). 

As in [23] we say that a strongly measurable function a : (0, oo) — > B is a g-atom, where 
1 < q < oo, when one of the following two conditions is satisfied: 

(Ai) a — ^X(o.i5)i where 6 > and 6 e B, being ||&||b = 1, 

(An) there exists an interval / C (0,oo) such that suppa C /, ||a||L'!((o,oo),B) ^ |/|"'^^'~"'^ and 
Jj a{x)dx = 0. 

The arguments presented in the proof of [XT', Proposition 3.7] and [231 Theorem 2.1] allow us 
to get the following. 
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Proposition 2.1. Let X be a Banach space, A > and 1 < q < oo. Suppose that f : (0, oo) — > 
X is a strongly measurable function. The following assertions are equivalent: 

W feH^{Ax,X). 
{ii) f (.Hl{{Q,^),X). 

{Hi) For every j G N, there exist a q-atom aj and Xj G C such that X^jgnI'^jI ^ °° '^^'^ 

Moreover, in this case, we have that 

ll^'*'^(/)l|Li((o,oo),jf) ^ ||/||ffi((o,oo),x) = ||/o||ffi(R,x) ~ inf X! I'^^jl' 

where the infimum is taken over all the complex sequences {Aj jjgN such that X^jeN I'^il °° and, 
for a certain sequence of q- atoms {ajjjgN; / = SjeN'^j%- Here fo denotes the odd extesion to 
M off. 

In the sequel we write Hl{{{),oo),W} to refer us H^{/S.\,'E>), A > 0, and we denote by 
i7^((0, oo),B) the classical B- valued Hardy space on (0, oo), that is. a function / G -^^((0, oo), B) 
is in i?H(0, oo),B) if, and only if, / = X^jgn "^j^j- where A^- G C, j G N, being X^jeN I'^jl < 
and for some q G (1, oo], aj satisfies the condition {AH), for every j G N. 

Our objective is to see that, for every / G Hl{{Q, oo),M), G^''^{f) G i7^((0, oo), 7(i7,B)), and 

I|G'b^''(/)||h1((0,oo),7(M)) < C||/I1h1((0,oo),B)i 

where C > does not depend on /. 



By taking into account Proposition 



2.1 



in order to show this, we can see that G^''^ is bounded 
from iJi((0,oo),B) into ^^((O, oo), 7(i?,B)) (Lemma [iiil and that o G^^'^ is bounded from 
ffo((0, oo),B) into L-'^(0, oo) (Lemma 2.3). We first need to establish the following boundedness 
property for G^'^ . 

Lemma 2.1. Let M be a UMD Banach space, /? > and A > 1. The operator G^^ is bounded 
from L^{{0,oo),M) into L^-°°{{0,oo),-f{H,M)) and from H^{{0,oo),M) into L^{{0,oo),-f{H,M)). 

Proof. Let us define 

K^^{t;x,y)=t^d^P,\x,y), 2:, y G (0, oo), 

and consider m G N such that to — 1 < /3 < m. 

According to [24| (4.6)], for every /c G N, 6* G (0, tt) and t, s,x,y G (0, 00), we can write 



(6) 



t + s 



J_o/c+l 

2a'^* 



[(t + .s)2 + {x- y)2 + 2x7/(1 - cos 6*)]^+! 



1 



£eN,0<£<(A;+l)/2 

where i;fe+i,^ = 2'=+i-2^(fc + l)!/(£!(fc + 1 - 2£)!), ^ G N, < ^ < (fc + l)/2 
Then, for each fc G N, 6* G (0, vr) and t, s,x,y E (0, 00), 



[{t + s)2 + {x- j/)2 + 2xy{l - cos 6*)] 

(A + l)(A + 2)---(A + fc-^) 
[{t + s)2 + (x - 2/)2 + 2a;y(l - cos 6»)]^+i+fc-^ ' 



9^ 



t + s 



[(t + s)2 + (x - y)2 + 2.Ty(l - cos 0)]^+^ 
It follows that, for /c G N and t, s, x, y G (0, 00) 



< 



C 



{t + s+\x-y\ + ^J2xy{\ - cos 6l))2^+i+fe ' 



2A(a;y)^ 



t + s 



[(t + s)2 + (a; - j/)2 + 22:2/(1 - cos6')]^+i 



dB. 
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Then, for fc G N, we have that 



(7) 

and also 



\d'^P,\,ix,y)\<C{xyy 



tt/2 



q2A-l 



de 



{t + s + \x -y\ + ^61)2^+1+''^ 7^/2 {t + s+\x- y\ + ^) 



(sin 6*) 



2A-1 



2A+l+fe 



C 



< C 



,2A-1 



du 



{xyY 



{t + s+\x-y\+ 7i)2A+i+fc {t + s+\x- y\ + ,Jxy) 



2A+1+*; 



(8) 



1 



-^77^ n i\fc+T' G (0,oo). 

{t + s + \x~ J/I) + 

Let g G S'a(0, oo). We can write 

/•oo 

(9) t^d^Pt\g){x)^ Kl{t-x,y)g{y)dy, <,xG(0,c»). 

Jo 

Indeed, by (|7| we can differentiate under the integral sign and write 

/•oo 

dTP^+s{9){^) = / 9rPt-V,(x, y)g(y)dj/, t, s, x G (0, oo), 
Jo 

and, again by Q, 



„m-;3-l 



|9r^*+.(^,2/)l \9{y)\dyds<Cx' 



— - — ds < oo, i,a;G(0,oo). 



Hence, 



g-i7r(m-/3) 

r(m - p) Jo 



drPtU9)i^>'^-''-'ds 



giy)- 



-in(m—0) roc 



dTP^+s{^,y)s^-"-'dsdy 



m-/3-l 



r(TO - /3) Jo 

g{y)d^PXx,y)dy, i,xG(0,c») 



and (|9| is proved. 

On the other hand, by using Minkowski's inequality and ([sl we deduce that 



H 



(10) 



< c 

< c 

= c 



\t^drPt\s{x,y) 

^2/3-1 



2 dt 

T 



lo (t + .s+|a:-y|)2™+2 

^m-fi-l (J 

-ds = 



1/2 

ds 

1/2 



x,y e (0,oo), X ^ y. 



(s+ |a;-y|)™-'3+i \x-y[ 

From (10) we infer that the integral in ^ converges as a i7-Bochner integral, provided that 
X ^ supp5. We define 

/•CO 

F{x)=j Kl{-]x,y)g{y)dy, x ^ supp5, 
Jo 

where the integral is understood in the i/-Bochner sense. 
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Let h £ H. According to the properties of the Bochner integrals and Fiibini's theorem we get 

> ji poo poo 1, 

h{t)F{x){t)- ^ j g[y)j Kl{t-x,y)h{t)-dy 

^ 0,. . , . . dt 



Kt) I K'^{t;x,y)g{y)dy—, x^snppg. 



Then, it follows that 



Gc'^ig){-,x) = K'l{-;x,y)g{y)dy, x^snppg, 



oo 



where the integral is understood in the i/-Bochner sense. 

Suppose now that g G S'a(0, cxi) (X) B, that is, g = X]"=i ^iffi; where 6^ € B and gi G >S'a(0, cxi), 

X ^ y, and 



z = 1, . . . ,rt e N. Since 7(iJ, C) = H, we have that K^{-; x,y)g{y) G 7(if,B), x,y e (0, oo). 



\K^^{-,x,y)g{y)\\^^H,B) <C||i^f (•; a:, y)||H||ff(2/)||B < C^^, ^ (o,c^), a; ^ y. 

p y\ 



Also, 



/•oo ^ /-oo 

/ Kl{-]x,y)g{y)dy = i K^i-; x,y)g^{y)dy, x^suppg, 

Jo Jo 

where the integral in the left hand side is understood in the 7(i?, B)-Bochner sense and the ones 
in the right hand side are understood in the 7J-Bochner sense. Hence, we obtain 

/>oo 

(11) G^'^{g){-,x)= I Kl{-;x,y)g{y)dy, x^suppg, 

Jo 

as elements in 'y{H,M), where the integral is understood in the 7(iJ, B)-Bochner sense. 
On the other hand, we have that, for every t,x,y & (0, oo), and x ^ y, 



r(m-/3) Jo 



d^Klit- X, y) = — — / d^dTP^+A^. y)s"^-^-'ds 



7rr(TO - /3) Ja 







{xy)^{t + s) 



[{t + s)2 + {x- yY + 2x2/(1 - cos 6*)]^ 



+1 



deds. 



Derivations under the integral signs can be justified as above. By making a derivative with 
respect to a; in (pi for k = m, we get 



\d,drPt\A^,y)\<c{{xyy 



x-y\+y{l~cose)) 



lo it + s + \x-y\ + ^J2xy{\ - cos 6»))2A+m+3 

./n it + R + \t. — 7; 



(i + sH 


- k-2/| 


+ ^2xy{\ - 


cos6l))2A+m+i 






(sin 61)2^-1 




(t + s + 


\x - y| 


+ V2a:2/(1 - 


COs6'))2^+™+2 






(sin 61)2^-1 




(t + sH 


- k - y| 


+ ^2xy{\ - 


cos6i))2^+'"+i 



<c\{xyf \ ^ . . ^dB 

Jo (t + s + |x - y| + A/2a;y(l - cos 6'))2^+'"+i i 
(12) = c|/i(t, s;a;,y) +/2(t, s;x,y)|, i, s, x, ?/ G (0, oo). 

By proceeding as in the proof of (l8| for fc = to + 1 we obtain 



C 

(t + s + 1^ j/l 



(13) Ii{t,s;x,y) < , „ , — :jw+2' a;, y G (0, oo). 
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Since A > 1, we also have that 

y.7r/2 

l2{t,s]x,y) <Cy ■ 
<Cy 



92A-1/^,aA-1 



{xyY 



-de 



A-l 



it + s+\x-y\ + ^S?76')2^+™+i {t + s + \x-y\ + 

1 



{t + s+\x -y\ + ^/xy9)"'+^ (t + s + \x - y \ + I 

''/^ By 1 

, , — r^d(^ + 7 , — r^, < y < 2x, x ^ y. 



y 



(14) 



[ (t + s + |x-y|)™+3 
1 



< 2a; < y, 



(t + s + |a;-y|)™+2 
Hence, by Minkowski's inequahty we get 



, t,s,x,y& (0,cxi). 



1/2 



< C / s™-^-! 



We conclude that 
(15) 



do,K'^{-;x,y) 



(i + s+ |x-y|)2™+4 
C 



1/2 

(it 1 ds = 



C 



a;,?/ e (0,oo), a; 7^ y. 



< 



H |x-yp 



By taking into account symmetries we also get 

C 



(16) 



dyK^{-,x,y) 



< 



H |x-y|2 



, a;,y e (0,oo), x y. 



, x,y e (0, oo), a; 7^ y. 



Fix now a;, y G (0, oo), x ^ y. We define the operator i(a;, y) by 



L{x,y) 



7(iJ,B) 

L{x,y)b ^ K'^{-;x,y)b. 



If {/ijljgN is an orthonormal basis in iJ, since 7(_ff, C) = iJ, we deduce from (10), 



\\L{x:y)b\\-y{H,M) = Kl{-,x,y)b 



E 



5^7,7 iff(t;x,y)/.,(i)-6 



1/2 



E 



/'OO 

,, = 1 -^0 



1/2 



<C||6||b Kl{--x,y) 



H 



<c. 



y\ 



Hence 
(17) 



, foe: 



-j-7(ff,B) 



< 



c 



In a similar way, by identifying dxK^{-; x, y) and dyK^{-; x, y) with the corresponding operators 



\x-y\' 
{■;x,y) 

in L{M,j{H,M)), the space of linear and bounded operators from B into 7(iJ, B), and by using 

C 



( |15| and (16 1, we can get that 
(18) 



dxKl{-]x,y) 



>7(H,B) ^ |a; - y|2' 
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and 
(19) 



< 



C 



^j(HM) \x-y\- 



By Theorem|Bj G^'^ is a bounded operator from LP((0,oo),B) into LP{{Q,oo),-f{H,M)), for 
every 1 < p < oo. Then, from (11), (17), (18) and (19) we conclude that the operator G^'^ is 
a (B, 7(iJ, B))-Calder6n-Zygmund operator. Hence, Gg'^ can be extended from 5'a(0, oo) (8) B 
to ii((0,oo),B) as a bounded operator from Li((0,oo),B) into ii'°°((0, oo), 7(7J, B)) and to 
i7H(0,oo),B) as a bounded operator from iJi((0, oo),B) into ^^((O, oo), 7(i/, B)). We denote 
by Gj'^ the extension of G^'^ to L^((0,oo),B) as a bounded operator from L^((0,oo),B) into 
ii^-((0,oo),7(i/,B)). 
We now prove that 

GM'^i9)ix) = G^''^{g){-,x), a.e. x e (0,oo), 

as elements of 7(i7,B), for every g G L"'"((0, oo),B). 

Let g £ L^((0, oo),B). We choose a sequence {gk)keN C S'a(0,oo) (g)B such that 



gk 



g, as fc — oo, in ^"""((0, oo),B). 



Then, 



Gn'^gk) G^'^g), as fc ^ oo, in L^'^ {{0,^),^{H,M)), 



and hence, there exist a set H. C (0,oo), being |(0,oo) \ ft\ =0, and an increasing sequence 
(nfc)fcgN C N such that, for every x d fl, 

GM'^{gn^)i-,x) — > G^''^{g){x), as fc oo, in 7(iJ,B). 



Let e > 0. By proceeding as in the proof of (|T0| we obtain 



L2((e,oo),dt/t) 



< G 
= G 

< G 

< G 



m-/3-l 



1/2 



m-/3-l 



(< + s + |2;-2/|)2™+2 

ft + £)2'3-l 
{t + e + S+\x- y|)2"i+2 

^2ff-l ^g2ff-l 

(t + £ + S+ - ?/|)2'"+2 



ds 

1/2 



dt 



1/2 



ds 



/3-1/2 



^e+\x-y\ {e+\x-y\f+y^ 
Then, by using Minkowski's inequality it follows that 



G 



< — , x,y £ (0,oo). 
e 



Gm'^ignJi-^x) - G^'^{g){-,x) 



L2((e,oo),(it/t,I 



< G 



G 



\giy)-gn. 



Ki{-,x,y) 



L2((6,oo), dt/t) 



dy 



< — Il5 - 5nJUi((o,oo),B), a;e(0,oo), 



that is, 



Gi'^{gnt?){-,x) — > Gl'''{g){-,x), asfc^-oo, 'm L\(£,oo),dtlt, 



uniformly in x G (0, oo). 

By taking into account that ^{H, B) is continuously contained in L{H, B) , the space of bounded 
linear operators from H into B, it follows that, for every S G M* and h G G^(0, oo), the space 
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of smooth functions with compact support on (0,cxd), we have that 

/•OO 

{S,G^''^{g){x)[h])M*,m = lim (5, Gb''^(5„J(-, a;)[/i])B*,B = ,1™ / {S,G^'^{gnJ{t,x))M'^BHt) 



dt 



dt 



and then, 



{S, G^'^ {g){t, x))b' fih{t) 



dt 



< ll^llB*l|G^'^(5)(a^)[/^]||B < \\S\\M4G;^'{g){x)\\H^«\\h\\H, x e il. 



Hence, (5', (g)(-,x))B-,B G H, x G fl, and 

G^'^{g)ix)^G^'^{g){;x), x e n. 

We conclude that G^'' is bounded from L^{{0,oo),M) into L^^°°{{0,oo),'y{H,] 
i?i((0,oo),B) into Li((0,cx)),7(i/,B)). 

Next, we estabHsh the behavior of G^'^ on ^^((0, oo),B). 



and from 
□ 



Lemma 2.2. Let R be a UMD Banach space, /? > and A > 1. The operator G^^ is hounded 
from ffi((0,oo),B) into Li((0,oo),7(i/,B)). 



Proof. Let / e H}^{{Q, oo),B). By Proposition 2.1 we write / = X^jeN -^j^i where aj is a 2-atom 
and Aj £ C, j £ N, being X^jsN < °°- Since the series J2jeN ^j^j converges in L^{{0, oo),B) 
and Gb''' is bounded from L^{{0,oo),M) into L^'°°{0,oo),-f{H,M)) (LemmaEll, we have that 



(20) 



G^'^{f) = J2x,G 



where the series converges in i^'°°((0, oo), 7(if, B)). 

If a is a 2-atom satisfying {Aii), since, by Lemma 2.1 G^'^ is a bounded operator from 
H\{0,oo),n) into ii((0,cx)),7(i/,B)), we get 



(21) 



II^B '^(a)|lLi((0,oo),7(/i-,B)) < C, 



being G > independent of a. 

Suppose now that a = bx{o.5)/S, for some S > and 6 G B, ||6||b = 1- By taking into account 
that G^"^ is bounded from L'^{{Q,oo),n) into L'^{{0,oo),'j{H,B)) (Theorem IbI , we obtain 



(22) 

^.2(5 

/ \\Gm'^ , x)\\^(^H,B)dx < (2(5)^/^||G^'^(a)||L2((o,oo),7(i/.B)) < G(5^/^||a||i,2((o,oo),B) < G, 
where G > does not depend on 6 or b. 



According to ( 11 ), since j{H,C) = H , we have that 



\\G^^{a'){-,x)\\^(^Hfi) < j \\K^x{-'^^^y)\\Hdy, x>25. 
By proceeding as in ( 10 1 and taking into account ([t]) we can write 



1 



Pi 



K'^i-;x,y) ^<C{xy) 



H 



OO 



(23) 



s 







(i + s + |a;-y|)4^+2™+2 
{xy)^ 



1/2 

dt 1 ds 



^^(-y) X (. + |a:-y|)2A+i+™-/^^^|a.-yP+i' 2/ ^ (0, oo), x ^ y 
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C 



Hence, it follows that 

\\GM^ia){-,x)\\^{HM} < g 
and we get 



F-y 



2A+1 y — Sx^+^ 



y^dy < C- 



■x+i ■ 



> 26, 



(24) 



2(5 



2S X 



A+1 



dx < C, 



where C > does not depend on 6 and b. 



From ( 22 1 and ( 24 1 we deduce 

(25) ||GB''^(a)||ii((o,oo),7(ff,i)) <C, 

where C > is independent of S and b. 



By using (201, (21 1 and (25) we conclude 



Hence, 



II^B ''(/)llLi((0,oo),7(ff,B)) < I"^-?''- 
11^8 ^(/)||Li((0,oo),7(ff,B)) < C'll/llffi(R,B)- 



□ 



According to Theorem 2.4] the maximal operator given by 

n^(.9)(x)=sup||F,\5)(x)|| 



s>0 



7(H,B) 



for every g G LP((0, oo), 7(i7, B)), 1 < _p < oo, is bounded from LP((0, oo), 7(i7,B)) into LP(0, oo), 
for every 1 < p < oo, and from L^{{0, oo), 7(i7,B)) into L^'°°{0, oo). Then, the operator P^oG^'^ 
is bounded from H\{0,oo),M) into L^^^{0,oo). 

We now show that P^ o G^'^ is a bounded operator from ^^((0, oo),B) into L^{0, oo). 

Lemma 2.3. Lef B 6e a UMD Banach space, /3 > and A > 1. We have that P^ o Gb''^ IS a 
bounded operator from H^{{0,oo),M) into i^(0, oo). 

Proof. Note firstly that P^ o G^''^ is bounded from iJi((0, oo),B) into L^^°°{0,oo). 
According to [6, Lemma 3.1], we have that, for every (f) G S\{0, oo), 

{t^'d^Pt\^)) = e^^^{tyYe-y%^{4>){y), t > 0. 

Since hx is an isometry in L^(0, oo), it follows that t^df P^{(j)) £ L^{0, oo), for every (f> S S\{0, oo) 
and t > 0, and by [251, §8.5 (19)] , we get 

hx (pi' [t'^afPt^'/')]) (a;) = e*'^'^(ta;)''e-^(*+'')/iA((/')(x), </> € S'a(0,oo) and t, s, a; G (0,oo), 

and then, for every (/) £ Sx{0, oo) and t, s,x £ (0, oo), 

/•oo 

t^afF,^(<^) (x) = i^afP,^+,(0)(x) = / tPd^P,\,{x,y)cPiy)dy. 



Also, for every e S'a(0, oo) (g) B, 

P,^(G^'^(0)(t, •))(a;) = P^' [t^d^Pt\<l>)] {x) = tPd^P,\M{x), t,s,x£ (0, oo). 
By defining the function 

K^it,s;x,y) = t^d^ Pt\^{x,y), t,s,x,y£ (0,oo), 
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we have that 
(26) 



\\K^i-,-;x,y)\\L^({o,oo),H) 



< 



c 



F - V\ 



r, a;,y e (0,oo), x^y. 



Indeed, as m the proof of (10 1, by using (^8| we get 



, ^^=snp\\t^d^P,Ux,y)\\H 

L~((0,oo),_f/) s>0 



< Csup 

s>0 Jo 

< C sup 



u 



1 



m-^-1 



dt 



< 

s>b s+\x-y\ \x-y\ 
Also, we get, for every x,y d (0, oo), x ^ y, 



^2/3-1 

(i + S + U+ |a;-y|)2™+2 
C 

X, ?; e (0, oo), x 7^ y. 



1/2 



(27) 



= ((o,oo),_ff) + l|c^a-^A('' Sa:^, y)l|L°°((0,oo),_H") < 



c 



\x - y[ 



According to (26), for every e S'a(0,oo), the integral 

Kxi-, ■'iX,y)(j){y)dy 



is convergent in the L°°((0, cx)), i/)-Bochner sense provided that x ^ suppt/). 
Let S N. We define the operator ^ as follows: 



K'li-, ■\x,y)(j){y)dy, (f) G S'a(0,cx)) and a: ^ supp0. 



where the integral is understood in the C([l/A^, A^], iJ)-Bochner sense. Here, by C([l/A^, A^], H) 
we denote the space of iJ- valued continuous functions on [1/A^, A^]. 
Let (/) e Sx{0, oo). We have that 



K'^{-,s;x,y)<j>{y)dy, a; ^ supp and s e [1/A^,A^], 



where the integral is understood in the i/-Bochner sense and the equality is understood in H. 

Moreover, according to some properties of Bochner integration and by applying Fubini's 
theorem, we get 



n.Nmx) (s) {t)h{t) 



dt 
~t 



4>iy) I K^{t,s;x,y)h{t)^dy, 
Jo 

h{t) I K^{t,s;x,y)4>{y)dy — , x ^ supp and s e [1/A^, A^] . 



dt 



QI iv('/')(^)l (0 = / K^xit, s; X, y)cj){y)dy, x i supp and s e [1/N, N], 



Then, 



as elements of H. 

We define ^ on Sx{0, oo) (8)B in the natural way. For every (p G S\{0, oo) (X)B we have that 



(28) 



QiNi<f')i^)] i^)] it) = Ps {OM'^mt, •)) (^), SUPP0 and s G [l/N,N], 



in the sense of equality in 7(_ff, B). 



Since is bounded from L^((0, oo), 7(_ff, B)) into iy^(0,oo) and G^'^ is bounded from 



i2((0,oo),B) into L2((0,oo),7(i/,B)) (Theorem |B|, the operator o G^''' is bounded from 
i^((0, oo),B) into L^(0, oo). Hence, the operator 



(/)(t,s;a;)=P,^(G^^^(/)(i,-))(x), t,xe(0,oo), se[l/iV,7V], 
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is bounded from L'^{{0,(X)),M) into ^^((o, oo), C([l/A^, A^], 7(i/, B))). Moreover, 

sup ll^f MlU^((0,oo),B)^-L2((o,oo),C([l/M,M],7(ff,B))) < OO- 
AfeN 



By taking into account (26 1, (27 1 and (28 1 and by using vector valued Calderon-Zygmund 
theory we conclude that the operator jy can be extended to L^((0, oo),B) as a bounded 
operator from Li((0,oo),B) into L^^°°{{0,oo),C{[l/N,N],-f{H,M))) and to iJi((0, oo),B) as a 



bounded operator from H^{{0, oo), B) into L^{{0, oo), C([l/A^, N],-f{H, B))) . We denote by 



to this extension of Zf ^ to L-'^((0, oo),B). It has that 



sup ll^f MlliM(0,oo),B)-i-Li-°°((0,oo),C([l/J\/,M],7(Af,B))) < OO, 
MeN 



and 



sup |l-^A,Mllfl'i((0,oo),B)^Li((0,oo),C([l/M,M],7(M))) < 



MeN 

Our objective now is to show that 



oo. 



as elements in L^'°°{{0,oo),C{[l/N, N],j{H,] 

Let / e i"'"((0, oo), B). We choose a sequence {fk)keN C S'a(0, oo) (g)B such that 

/fc — > f, as fc — > oo, in L"'"((0, oo),B). 

Then, 

<Ar(A) ^f,jv(/)' asfc^oo, inLi'°°((0,oo),C([l/iV,iV],7(i/, 
It is not hard to see that, for every t^x ^ (0,oo) and s G A^], 

rOO 

Zf^(/)(t,s;x)= / K^^{t,s;x,y)f{y)dy ^ G^-^{P,\mt,x). 
Jo 

We know that, for every s G (0,oo), is a bounded operator from L^((0,oo),B) into itself, and 



2.11 



that the operator G^'^ is bounded from Li((0,oo),B) into Li'°°((0, oo), 7(iJ, B)) (Lemma 
Then, it follows that, for every s e [1/N,N], 

<Ar(/fe)(-,s;-)^<jv(/)(->s;-), asfc^cx), inLi^°°((0,(X3),7(iJ,B)). 

Hence, we can find an increasing sequence {nk)keN C N and a subset fl of (0, oo) such that 
|(0,oo) \ rj| = 0, and 

^A,7v(/"J('''5;^) — ^ ^A,Af(/)(''«;^)' asfc^oo, in7(ff,B), 

for every x E ft and s E QO [l/N, N]. Here 51 and {nk)keN do not depend on N. 

Also, there exists an increasing sequence (fcj)jeN C N and a subset of 51 with |fl| = 
such that 

Zlj,ifn,^){;s;x) [Zl^if){x)]is), asj^oo, in7(i?,B), 

for every x G W and s G Q n N]. Again, W and (fcj)^^^ do not depend on N. 
We conclude that 

<Ar(/)(-,s,x) = [zf,y(/)(x)](s), xew, seQn[i/N,N]. 

This equality is understood in 7(i7, B). 
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Hence, we can write 

{xe(0,oo):n^(G^'^(/))(x)>a} 

y Le (0,oo) : s 



sup 

/M,M\ 



> a 



< lim 

M-5-00 



< lim 

Af-!-OC 



X G (0, oo) : sup 

se[i/M,M]nQ 



> a 



X eW : sup 

se[i/A/,M]nQ 



7(H,B) 



> a 



C 



< — II/IIli((o,oo),b), a > 0. 



Thus, we prove that the operator defined by 

,s; x) - Pi^ (G^'^(/)(t, •)) (a^), ^, a; € (0, oo), 

is bounded from L^{{0,oo),M) into L^^°°{{0,oo),L°°{{0,oo),-/{H,M))). 

By proceeding in a similar way, since -Zv^(0, oo) (8)B is a dense subset of iJ^((0, oo), B), we can 
see that defines a bounded operator from H^{{0, oo), B) into L^{{0, oo), i°°((0, oo), 7(i/, B))). 
Here L^(0,oo) represents the space of bounded measurable functions with compact support in 
(0,oo). 

Thus, if a is a 2-atom satisfying (Aii) we get that 



Li((0,oo),L°=((0,oo),7(//,ffl 



<c, 



where C does not depend on a. 

On the other hand, by using ([t]) it follows that 



(29) 



{xyY 



|I^A(-'-;a;,y)l|L-((0,oo),//) < G-r—r:^, X, ?/ G (O,0o), X^y 



The, since the operator Z'^ is bounded from L^((0,oo),B) into L^((0, oo), i°°((0, oo), 7(i7, 
by proceeding as in the proof of (25 1 we can deduce that there exists C > such that, for every 
(5 > 0, and 6 e B, ||6||b = 1, 



P^ fG^'^(a) 



Li((0,oo),L°°((0,oo),7(//,ffl 



<G, 



when a = hx[o^s)l5. 

We conclude that, for every / € _ffj^((0, oo),B), 



\\PHG^^{m\L^^,oo) < G||/|Ui((o,oo),: 



□ 



2.2. We show now that G^'^ is bounded from BA/Oo((0, oo), B) into 5MOo((0, oo), 7(i?,B)). 
This requires verifying the corresponding vector-valued conditions {Bi) and (Bii) which we 
collected in Lemma [2. 4| and Lemma [2. 5 1 respectively. 



Lemma 2.4. Consider M a UMD Banach space and /3, A > 0. There exists G > such that, for 
every r > 0, 
1 



(30) 



GM'^{f)i;x)\\^^HM)dx < G|1/|1bmOo((o.oo).b), / e BMOom^), 
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Proof. Assume that / G BAIOo{{0,oo),M). According to ([t]), for every fc S N, we have that 

laf^'.^fe.)! < < (0,00). 

Then, for every 



C I / a; \ 2-^+1 r 



ATTll/(y)llBC?y 



C \ /a;\2A+i ,A a;^ e2xU+if"' 

(31) < ^ < (-j +2^-T^ > ||/||bmOo((o.oo),b), t,! € (0,oo) and fc e N. 

We can write 

/>oo 

d^P^{f){x)^ d^P,\x,y)fiy)dy, t, x S (0, oo) and fc e N. 
Jo 

By using again ([t]); if m € N such that m — 1 < /3 < m. we get 

) POO 



This leads to 

/>oo 

G^^^(/)(t, x) = / Kl{t- X, 2/)/(y)dy, t,x ^ (0, oo), 
Jo 

where iff (i; x, y) = t^d^P^{x, y),t,x,ye (0, oo). 
Let r > 0. We spHt G^'^{f){t,x) as follows 

G^'^(/)(t, x) = Gt^,{f){t, x) + G^|(/)(t, x), i, X e (0, oo), 

being 

G«iU){t: = / Kl{t; X, 2/)/(y)dy, t, X e (0, oo). 

Since G^'^ is a bounded operator from L^((0,oo),B) into L^((0, oo), 7(i7,B)) (Theorem [b|) , we 
obtain 

I r fl 

r 



( 1 ^ 

l|GB;f(/)(-,a;)||^(^,B)rfa; < f - IIG^ ^(/x(o,2r))(-, a;)|l^(^_jj)dx 

(32) -^(rio "^^^^"■'^^j <C^I1/I1ba/o„((o,oo),b). 



Note that the last inequality follows from John-Niremberg's property. 
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If h <E H, by using (23 1 and proceeding as in (311 we have 



oo roo 



K^^{t-x,y)\\\f{y)\\ndy\h{t)fi < \\h\\H I WK^^i-; x,y)\\H\\f{y)\\Mdy 



t 



2r 



^^^||/(2/)liBd2/ < C\\h\\HX^ r -^\\f{y)\\Mdy 



<C\\h\\H 

< C'I|/^IIh||/IIbmo„((o,oo),b), X e (0,r). 



Then, if {hj)"'^i is a set of orthonormal functions in H, we can write 



E 



1/2 



^ poo pOO 

/ h,{t) / K^^{t;x,y)f{y)dydt 

Jo J2r 

■ oo pOO 

f{v)Y.^j / Kl{t-x,y)h,{t)dtdy 

r „_i JO 




1/2 



E 



" /.oo 

^7, / Kl{t;x,y)h,{t)dt 

„_i "'0 



i=i 



1/2 



dy 



< / \\fiy)\\M\\K'^{-;x,y)\\^i^H.c)dy- 

hr 



Since j(H,C) = and again by (23) we get, for each a; G (0,r 



^8^2 (/)ll7{-H". 



Hence, 



7(H,I 



<C / |l/(y)|l,|lXf(.;:r,y)|Udy<C|l/|l 



(33) 



GB[2if)i'^^)\\l{H,K)dx < C||/||bA/Oo((0,oo),B)- 



From ( 32 1 and ( 33 1 we conclude the proof of this Lemma. 



□ 



Note that (30 1 implies that || G^"^ (/)(•, x)||-y(/f^B) < oo, a.e. x e (0, cx)). 



Lemma 2.5. Let M be a UMD Banach space and /3, A > 0. The operator G^^ is bounded from 
BMOo((0,oo),B) into BMO((0, oo), 7(iJ, B)). 

Proof. Let / e BMOo{{0,oo),M). We consider the odd extension function /□ of / to M and 

G^{fo){t,x) = [ K^it;x,y)fo{y)dy, t € (0, oo) and x€R, 
Js. 

where 

K'^{t;x,y) = t^d^Pt{x-y), t £ (0, oo) and x,y eR. 
Here Pt{z) — t/[7r(i^ + z^)], t S (0,oo) and z e M, is the classical Poisson semigroup. 
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We can write 



t^d^Pt{x-y)f{y)dy 



x/2 



/2 



t^d^Ptix + y)f{y)dy 
tf'd^Pt{x + y)f{y)dy 

+ ' i^af [Pt{x -y)-Pt{x + y)] f{y)dy + / t^af [Pt{x - y) - P^{x + y)] f{y)dy 

4 

Y,l,{f){t,x), t,xe(0,cx)). 



x/2 



2x 



In [51 Lemma 1] it was established that, if m e N is such that m — 1 < /3 < m. 

t^d^Ptiz) = Yl -^'^ (^) ' * ^ and z e K 

fceN, 0<fe<(m+l)/2 



where, for every fc G N, < fc < (to + l)/2, e C and 



(1 + ^)™+1^2fc^m-,g-l 
[(1 + i;)2 + 22]™-*;+! 

Let A: G N such that < fc < (m + l)/2. We have that 



dv, z € 



1 



1 



[(1 + W)2f2 + (a; + y)2]m-fc+l [(1 + ^)2i2 + (3. _ y)2]m-fc+l 



_ ^2(m-fe) + l 



<'=0 



TO — /s + 1 



+ 



m+l-2fc^m-0-l 



[(1 + w)i]2("-''^+i-^)[(2: - y)2^ - (x + y)2^] 

[((1 + Vff^ + (X + y)2) ((1 + w)2t2 + (.^ _ 2^)2)]m-fe+l 



dw, t,x,y (z (0, 00). 



We get 



t 



t 



t 



<^^^2(m-fc) + l ^ ^2£-l / ^^^^^™+1^2fc^™-^-l 



X TT^ — r—rrdv 



[(1 + v)t + x]4(™-'=+l) 



< Cyt^^ 



(1 + yyn^l~-2k^m—l3 — l 

lo [(l + t;)i + a;]2('"-fe)+3 
Minkowski's inequahty leads to 



du, i e (0, 00), < y < x/2. 



<C7; / (1 + 



^4(m-fc) + l 



dv 



1/2 



- a;2 Jo + 
<C^, 0<y<a;/2. 



Hence, we obtain 



\\t^df[Ptix -y)-P,(x + y)]\\H<C^, 0<y< x/2. 
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It follows that 

(34) \\W){;x)\\.^(Hm < / y\\f{y)\\Bdy < C||/||i3MOo((o,oo),B), x € (0,00). 

X Jo 

By symmetries, we also get 

\\t^d^[Pt{x -y)-P,{x + y)]\\H<C^, 0<2x<y, 

and then 

J2x y ^^J2k^x y 

00 1 /.2(/c+l)^x 

(35) ^^E^/ ll/(2/)M2/<C||/||sMOo((o,oo),B), a; e (0,00). 
Note that to establish 

ll-'"3(/)(-,a;)||^(H,B)) < C'||/||bmOo((o,cx.),b), x e (0,oo), 
it is enough to use that 

IK^af [Pt(x - y) - Pt{x + y)]\\H < \\t^d^Pt{x - y)\\H + \\t^'d^Pt{x + y)\\H<^, < y < ^. 

X 2 

However, the estimation 

\\t^d^[Pt{x-y)-Pt{x + y)]\\H < ^, 0<2x<y, 
does not allow to show that 

ll-'"4(/)(-,a;)||^(H,B)) < C'||/||bmOo((o,cx)),b), x e (0,oo). 

Also, we obtain 

foo / poo j.4(m-/s)+l \ 

c 

< — ■ — , x,ye{0,oo). 
x + y 



c '•2- 



Hence, 

\\l2if){-,x)\\^(^H,B)) <— I \\f{y)\\Bdy < C||/||bmOo((o,oo),b), X e (0,00). 

X Jx/2 

We conclude that 

/■2x 

G^{fo){t,x) - / t^d^Ptix - y)f{y)dy e L~ {{0,oo)n{H,M)) , 

Jx/2 

and we deduce that G^(/o) e BMO((0,oo),7(i?,B)) if, andonlyif, G^ i„^(/) e BMO((0,oo),7(if,B)), 
where 

G'^ioc(/)(*'^) = / t^d^Pt{x-y)f{y)dy, t,x& (0,oo). 

Ja;/2 

We are going to prove that G^(/o) e BMO((0,(X)),7(iI,B)). Let < r < s < 00. We define 
/ = (r, s), a;/ = (r + s)/2 and di = {s — r)/2. We decompose /o as follows: 

/o = (/o - //)X2/ + (/o - //)X(0,oo)\2/ + // = /l + /2 + /a, 
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where 21 = (x/ - 2di,xi + 2di). By jUl Theorem 4.2] and [H proof of Theorem 1.2], it follows 
that the operator is bounded from L^{M.,W) into L^{M.,-f{HM)). Then, 

1/2 



1 



\\Gsih)i-^^)\\iiH,s)dx < \\G^{fi){-,x)\\^(^H,M)dx 



(36) 
Hence, 



< C 



If \ 

1^ J^^ Wfoix) - Ml^dxj < C||/|Umo„((o,oo 



\\GK{fi){-,x)\\j(^H.M) < oo, a.e. x e (0, oo). 
On the other hand, since 

J Pt{x - y)dy ^ I, i e (0,oo) and a; e M, 

if m g N, being to — 1 < /3 < m, 
(37) 



9f / Pt(a;-y)dy 



T(m— ^i) /-oo 



r(m - /3) Jo 

It follows that G^{h) = 0. 

In jHl Section 3.1] it was proved that 



^m-/3-igm / Pt+s{x ~ y)dyds = 0, t e (0,oo) and x £ 



C 



Then, 



/2 



||7^f(-;x,y) -/^^(sx,^/)!!^ < -, x/2<y<2x, xe (0,cx)) 



[Kl{--x,y)-KP{--x,y)]f{y)dy < K^^i-; x,y) - x,y) Wmhdy 



(38) 



< 



C 



2x 



x/2 



\\f{v)\Udy < C||/||i3MOo((o,oo),B), X e (0,cx)). 



Moreover, by using (23) and as it was seen in (31 1, 
(39) 



2x 



Kl{-,x,y)f{y)dy < Cx^ I \\f{y)\\^^ < C|1/|UmOo((o,oo),b), x € (0, oo) 



2x 



and 
(40) 



Hence, 



c/2 



K^^{-,x,y)f{y)dy 



C 

< — 

7(//,B) X Jq 



;/2 



\\f{y)\\Kdy < C||/||bmOo((o,oo),b), x e (0,00). 



\\Gm'^ {/){■, x) ~ G^{fo){-,x)\\^(^HM) < C'|l/|lBAfOo((0,oo),B), XG {0,Oo). 

Since, \\G^''^ {/){■, x)\\^(^h,b) < 00 and \\G^{fi){- , x)\\^(^hm) < 00, a.e. x e (0,oo), also 

\\G^{f2){-,x)\\^(^HM) < 00, a.e. X G (0, 00). 



(41) 



By proceeding as in the proof of ( 15 ) we get 

C 



d,K^{-;x,y)\\H< 



, x,y e (0,00), x^y. 
X - j/r 
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We choose xq e / such that ||G'b(/2)(', a;o)||'y(_ff.B) < co. By using (41) we obtain 
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1 



< 



c 



\fo{y) - fi\\M\\K^i-;x,y) ~ K^{-;xo,y)\\Hdydx 



I ^(0,oo)\2/ 



< 



c 



I J{0,oo)\2I 



< 



c 



\fo{y)~fi\\i 



\fo{y) - fi 



\\duKP{-,u,y)\\Hdu 
^ ^\dydx. 



dydx 



llJ(Q.ca)\2I \^ ~ y\ 

By employing standard arguments (see, for instance, |12l (9)]) we deduce that 



1 



(42) ^ \\G^if2){;x) - G^if2K;Xo)UH,M)dx < q|/|lsA/O„((0,oo).B). 



By putting together (36), (37) and (42) we conclude that 



\GMifo){-,x) - G^{f2)i-,Xo)\\j(H,M)dx < C||/||i3A/O„((0,c 



where C > does not depend on /. Hence, G^(/o) G BMO{{0,oo),j{H,M)), and then 
Gbioc(/) e BMO{{0,oo),-f{H,M)). Finally by using (ISSl, ([39l and ^ we obtain that 



GB^if)i-,x) - G^ i^^{f){-,x)\\^(^HM) < C'||/||i3MO„((o,oo),B), a; € (0,oo), 



and hence G^'^{f) G BMO{{0,oo),-f{H, 



□ 



2.3. In this section we are going to show that 

ll/llBAfO„((0,oo),B) < G\\G^''^ {f)\\ BMOMQ,<x>),'r(HM}) , f & -BA/Oo((0, oo) , 1) . 

To establish this property we need to prove some auxiliary results. 

Suppose firstly that / G BMOo{0,oo). According to [3 Theorem 6.1] we have that the 
measure 



dfifix,t)= t^d>iPt{f){x) 



t 



is Carleson on (0, oo)^. Then, by [7, Proposition 5.3], for every a G L^j°^(0, oo), where L'^^{Q,oo) 
denotes the space of bounded measurable functions with upper bounded support on (0, oo). 



(43) 



OO nOO 



dxdt e2"'3r(2/3) 



t^d^P^{f){x)tPd^P^{a){x)- 

JQ t ^ ' 



f{x)a{x)dx. 



The following is a vector- valued version of ( 43 1 



Proposition 2.2. Let A,/3 > 0. If f e BMOo((0, oo), B) and a € L^^(0, oo) B*, then 



OO /'OO 



{G^f{a){t,x),G^'P{m,x)U.^^ . 
Jo 1^ 



dxdt e2'^*^r(2/3) 



22/3 



{a{x), f{x))M',Mdx. 
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Proof. Assume that / e BAfOo((0, oo),B) and a e L'^^{0,co) (g)B*. If a = Y^^ia^bj, being 



flj G L!5j°^(0,oo) and hj e B*, j = 1, . . . ,n, by using (43l we can write 



''°°(G^:^(a)(i,a;),G^-^(/)(i,x))„.,B^ 



"'0 



= E 

n 

= E 



^ coo coo 



^0 

OO /'OO 



^0 



G'c'^(aj)(i,a;)(6j,G^'''(/)(i,a;))BMB 
G^'^(a,)(i,x)G^^''((5„/)„.,B)(i,2:) 



^2:8 / aj(x)(6j,/(a;))B*,Bda; = / 



dxdt 
t 

dxdt 
t 

/5r(2/3) 



{a{x), f{x))M*,Bdx, 



because, for every j = 1, . . . , n, /)b',b € BAf Oo(0, 00) 



□ 



Let / e BAfOo((0,oo),B). We have that 



(44) 



Lba/Oo((o,oo),b) — sup 

geA<»TB' 

llffllffl((0,cxj),l*)<l 



{9{x),f{x))B-\B 



where A = span{a : a is an 00 — atom}. Note that, since B is a UMD space, B* is also UMD, 
B is reflexive and i?A/Oo((0, oo),B) is the dual space of i?o((0,oo),B*). Moreover, since ^ is a 
dense subspace of i?i((0, 00)), ^(g)B* is dense in 7?i((0, oo),B*). 
According to Proposition |2 . 2| we get, for every a & Ad^M* , 



j {Gs,[a){t,x),G^''{f)[t,x)}TB',B^^ = ^ J {a[x)J[x))B',]Bdx. 



Also, for every a G A(E)M* , we can write 
(452 

r(G^;^(a)(i,x),G^'^(/)(t,:r))B.,By-(G^l^(a)(.,x),G^'^(/)(.,x)) xe(0,oo). 



Indeed, we take a = '^j^j^ where aj G A and bj G B*, j = 1, . . . , n. By taking into account 

the results in Section 12. 11 we have that 



G^f (a) (t,x) = Y, b,G^/ (a, ) , a;) G 1 ( (0, 00) , 7(F, B* )) . 
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The dual (7(iJ, B))* of l{H,V>) can be identified with 7(iJ, B*) by using the trace functional. If 
{hm)meN is an orthonornial basis in H we can write 



7(ff,B*),7(ff,B) 



7(ff,B*),7(ff,B) 



" f°° 1'°° I \ 
noo poo 

/ '^"W / Gc-'^i(^3)iu,x)Gc'^{{bj,f)^.^^){t,x)hm{u) 

n 

^(Gc^''(aj)(-,a;),G'c''^((6j-,/)B-,B)(-,a;))^(ij,c),7(ff,C) 



du dt 
u t 

du dt 
u t 



3 = 1 



du 



G^;'^(a)(u,a;),G'B'^(/)(w,a;)) — , a;e(0,oo). 



We have used that "f{H,£)= H. 



By (45) we obtain 



Glf{a)(;x),G^^{f){;x) 



^ /"OO /"OO 



Jo 



Gc (flj ){t,x) Gc " ( (^'j , /)b- ,b) , 2^) 



7(H,B*),7(_f/,B) 



dx 



dt 



dx. 



Since, {bj, f)B',B G i?MOo(0, oo), for every j = 1, . . . , n, by |7j Theorem 6.1], \G^'^ {{bj , f)M' ,B)(t, x)\'^dtdx/t 
is a Carleson measure on (0, oo)^, for every j = 1, . . . , n. Then, according to [3 Propositions 5.1 
and 5.2], 

^^|(G^;^(a)(,.),G-^(/)(.,.))^^^^_^^^^^^^^Jdx<oo. 

From lU Proposition 2.5] (adapted to this Bessel context). Proposition 2.2 (45), and by taking 
into account, as it has already been proved, that G^'f {a) G H^{{0,oo),j(H,M*)) (Section 2.1) 
and G^'^^if) S BMOo{{0,oo),'y{H,M)) (Section [2!2l), we conclude that 



{a{x), f{x))M*fidx 



<G||Ggi'^(a)||^i((0,oo),7(_f/,B'))l|GB'^(/)||BMOo((0,oo),7(//,B)) 
^C'||a||^i((0,oo),B*)l|GB"^(/)||BMOo((0,oo),7(if,B))- 



From ( 44 1 it follows that 

11/11 B MOo{{0,Go) ,B) SMOo((0,oo),7(//,B))- 

2.4. Our objective is to prove that, for every a E H^{{0, oo),B), 

(46) lia||Hi((o,oo),B) < G||Gb '^(a)||/i-l((o,oo),7(^r,B)• 

We have that 



a||HM(o.oo),B) = sup 

/eBMOo((0,oo),B*) 



{f{x),a{x))f 



, aei/„i((0,oo),] 



11/11 



BMOo((0,oo),l*): 
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Suppose that a G A(E)V>, where A is defined as in Section 2.3 By proceeding as in Section 2.3 
we get 



(/(a;),a(a;))B-, 



<C\\G^'f {f)\\BMOa{{0,oo),y(H,B'))\\G^''^ {('■)\\h^{{0,oo),-/{H,1 
<c\\f\\ ffi((0,oo),7(ff,B))- 



Hence, (46 1 holds 



In order to see that (46) holds for every a G H^{{0,oo),M) it is enough to take into account 
that A(E)V> is a dense subset of ff^ ((0, oo), B) and that the operator G^'^ is bounded from 



iJ^((0,cx)),B) into i7i((0,oo),7(iJ,B)) (Section 2.1) 



3. Proof of Theorem 11.21 

In this section we prove that 



is a bounded operator from H^{{0,oo),M) into H^{{Q,oo),j{H,M)) and from BMOo{{0,oo), 
into BMOo{{0,oo),j{H,M)). Here Dl ^ 



3.1. We establish now the behavior of between Hardy spaces. In [5J Theorem 1.3] we 



proved that the operator is bounded from L'P((0, oo), B) into LP((0, oo), 7(iJ, ] 
1 < p < oo. 

We show that is a (B, 7(i/, B))-Calder6n-Zygmund operator. 

Lemma 3.1. Let B he a UMD Banach space and A > 1. The operator is a 
Calderon-Zygmund operator. 



for every 



Proof. We consider the function 

(47) M^{t-x,v)^tDl^P^+\x,v), i,x,ye (0,c»). 

defines, as it will be specified, a standard (B, 7(if, B))-Calder6n-Zygmund kernel. Indeed, 
we have that 

(sin 61)2^+1 



M\t-x,y) = -tx-^d^ 



2(A + l)t 2A+1 ,A+1 
X y 



2(A+1) ^2 A+1 



(2A + l)x^ 



2(A + 2).^- f (sin^)-^-;^((x-.)+.(l-cos.))^^ 



((x - y)2+t2+ 2x2/(1- cos 6'))^+2^^ 

((a;-2/)2+t2 + 2.T2/(l -cos6l))^+2 

t,x,y G (0,oo). 



Then, 



|M^(i;a;,y)| < Ct^ 



((a;-y)2 + i2 + 2a;y(l-cos6l))^+3 
(sin 61)2^+1 



A+l 



+ y^+'x^ 



(|x - j/l + i + ^2x2/(1 - cos6'))2^+5 
(sin 61)2^+1 



d6' 



(48) 



{\x-y\+t+ ^2xy{l - cos 6))^^+^ 
C[Ii{t;x,y) +l2{t;x,y)], t,x,y e {0,oo). 



de 



We observe that Ij{t] x, y) = t^Ij{t/2, t/2; x, y), t,x,y G (0, oo), j = 1, 2, where Ij, j = 1, 2, are 



the functions appearing in ( 12 1 for m = 1 and A + l instead of A. 
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Then, by (13 1 and (14 1, for j — 1,2, we have that 



(49) 
and 

Hence 
(50) 



Ijit;x,y) < C 



\\Ij{t;x,y)\\H <C 



{t+\x-y\r' 

1/2 



t,x,y e (0,00), 



it+\x-y\)^ 



C 



dt 



C 

V - v\ 



, a;,?/ e (0,00), a; 7^ y. 



\\M\-,x,y)\\H<, r, a:,ye (0,c»), x^y. 



V-v\ 

We consider, for every x^y £ (0,cx)), x ^y, the operator 

M^{x,y) : B — > 7(i/,B) 

M^ix,y)ib):H 

h 

We have that, for every 6 e B, 



00 

M\t;x,y)h{t)jb. 



\\M\x,y)ib)\\^^H.M) < \\M\-,x,y)\\H\\b\\M<C^^^, x,2/e (0,oo), x ^ y. 



Then, 
(51) 



|Af^(a;, 



< 



C 



y\ 



, a;,y G (0,oo), x^y. 



We can write, for every t,x,y d (0, 00) 



d,M^{t;x,y) 



2(A + l) ^2^,+i 



(2A + l)Aa; 



A-l 



(sini 



^2A+l 



((.T-?;)2 + f2 + 2a;y(l-cos6'))^+2 



-2(2A + l)(A + 2)a; 
-2(A + l)(A + 2)a; 
+4(A + 2)(A + 3)a; 
- 2(A + 2).T^+i 



^ p (sin6')2-^+i((a;-y) + y(l- cos 61)) 
((a; - y)2 + t"^ + 2xy{l ~ cos0))^+3 
r (sin6')2^+i((a;-y) + y(l-cos6l)) 



^6* 



((a; -y)2+<2 + 2x2/(1- cos 6'))^+3 
A+i r (sin0)2^+i((a:-y) + y(l-cosg))2 
((2;-2/)2+<2 + 2a;y(l-cos6'))-^+4 
(sin 0)2^+1 



de 



It follows that 



\d,M^{t;x,y)\ < 



((x -y)2+t2 + 2x2/(1- cos 6'))^+3 
(sin 6^)2^+1 



de 



+2/^+1^^ 



(|a;-2/| +i+ v/2a?y(F^cos^)2^+4 
(sine')2^+i 



(.yx) 



A+l 



(|a: - 2/1 + t + \/2xy{l - cos 6'))2^+5 
(sin 0)2^+1 



-d6» 



d0 



(52) 



/o (|a: - 2/1 + i + v/2.tj/(1 - cos 0))2A+6 
C[Ji(i;x, 2/) + J2it;x,y) + Jz{t]x,y)], t,x,y e (0, cx)) 



We note that J2{t;x,y) = t^l2{t/2,t/2;x,y) and J^{t\x,y) = t^h{t/2,t/2\x,y), t,x,y e (0, 00), 



being /j, j = 1,2, the functions in ([12| for m — 2 and A+l instead of A. Hence, by (13) and 
([14|, for ^ = 2,3, 

+2 



(53) 



Mt;x,y) < C 



{t+\x-y\y 



t,x,y e {0,00). 
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On the other hand, since A > 1, by proceeding as in the estimation (14 1, we obtain 

(54) Ji{t-x,y)<C--— ^, t,x,i/e (0,oo). 

Thus, for i = 1,2,3, 

r, < r ( , 

/o {t+\x~v\)^ J - \x-y 



^3 \ 1/2 ^ 

(55) \\M-,,x,y)\\H <C[ I J^TT:-^A^^dt] < ,^ x, y G (0, oo), x ^ y. 



Hence, 

^^(•;a;,?/)|L < 1 — X,?/ e (0,cx)), a: ^ y. 



(56) lla ^" - ^ 



We have also that 

C 

(57) \\dyM^i-;x,y)\\ <- a;, y G (0, oo), x ^ y. 



Estimations (51l, (56l and (57l show that is a standard (B, 7(iJ, B))-Calder6n-Zygmund 
kernel. 



Let / e S'a(0, oo) ® B. According to (51 1 we have that 



oo 

A/- 



\\M {x, y) \\b^^ ( H, f (y) Udy < oo, a; ^ supp /. 
We define 

poo 

(58) Q\f){x)= M\x,y)f(y)dy, x ^ supp /, 

Jo 

where the integral is understood in the 7(i/, B)-Bochner sense. 
We can differentiate under the integral sign to get 

/"OO 

G«{f){t,^)= M\t;x,y)f{y)dy, t,x e {0,^), 
Jo 

and by using Minkowski's inequality and ( [sT] ) we obtain 

\\GB{f)i-,x)\\Lmo.oc),dt/t,M) <C [ ^p^^i^dy, x^supp/. 

Jo F ^ yi 

We consider, for every x ^ supp/, the operator 

G^{f)ix):H 

h-^[GUf){x)]{h) = r g^{m,x)h{t)^' 

Jo 

We can write 

[Q\f){x)]ih) = r[M\x,y)f{y)]{h)dy 
Jo 

/>00 /'OO 7( 

M\t;x,y)h{t)jf{y)dy 



t 



Jo 

oo 



f°° dt 
/ GBif)it,x)h{t) — , /i e -ff and X ^ supp /. 
JO ^ 



The interchange of the order of integration is justified because 



oo /"OO 



M\t;x,y)\\hitAfiy)\\Bdy<C\\h\\H T ^M^dy < c^, /i £ and x ^ supp /. 
^ Jo F ~ 2/1 



'0 "'0 

Hence, we deduce that 



Q\f){x)^g^im;x), x^supp/, 
as elements of 7(i7, B). □ 
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According to [6 , Theorem 1.3], by using vector- valued Calderon-Zygniund theory ([31]) we 
infer that the operator defined by (58) can be extended from 5''^(0, oo) (g) B to L^((0,oo),B) as 
a bounded operator from Xi((0,(X)),B) into ii'°°((0, cx)), 7(i?, B)) and from H^{{0,oo),M) into 
L"'^((0, oo), 7(-ff, B)). By proceeding as in the proof of Lemma 2.1 we can conclude that the 
operator is bounded from Li((0,oo),B) into L^'°° {{0,oo),-f{H,M)) and from H\{0,oo),M) 
into Li((0,oo),7(iJ,B)). 

By (48 1 we have that 

\M^{t;x,y)\ < C[Ii{t;x,y) +l2it;x,y)], t,x,y e (0,oo), 

where 

(sin6')2^+i 



1-i{t]x,y) = t (xy) 



A+l 



l2{t;x,y)=t^y^+^x^ f 
Jo 



i\x-y\+t+ ^2xy{\ - cos 6))^^+^ 

(sin6l)2-^+i 
(|a; -y\+t+ v/2xy(l - cos 6l))2^+4 



dO, t,x,y € (0, oo), 
d0, t,x,y E (0, oo), 



and M^{t\x,y), t,x,y G (0,oo), is the kernel introduced in (47l. 
We obtain (see the proof of ^ with A + l instead of A and k — 2) 

(59) 



Iiit;x,y)\ < — ITT^A+s' t,x,y & {0,oo), 



and 

(60) 

Then, 

(61) 

and 

(62) 



{t+\x-y\ 



\l2{t-x,y)\<C——^ 

7Jy2X+A' *j a^: y G (0, oo). 



{t + \x~y\) 



{xy)^+^ 

\\1-i{-\x.y)\\H < C |^_^|2A+3 ' ^^y^ (0,oo), x^y, 



|2A+2 ' a:, y e (0, oo), a; ^ y. 

1^ y\ 



Let (5 > and 6 e B, ||6||b — 1. We define a — |x(o,i5)- Since is bounded from L^{{0, 
into L2((0,oo),7(7J,B)) ([BJ Theorem 1.3]), we deduce that 



25 



\GBio■)i^ ^ x)\\'r{H,M)dx < C''5-^/^||t/B(a)||L2((o,oo),7(M)) < C'<^^^^l|a||L2((0.oo),B) < C, 



where C > does not depend on S or b. Also, by (61 1 and (62 1, we get 



2(5 



< 



C 
J 

c 



25 Jo 



dx 



25 X 



A+2 



y X ^ 

\x — \x — ypA+s 

5 

y^^'dy < C, 



dydx 



where C > does not depend on S or b. We conclude that ||^?B(a)||Li((o,oo),7(_f/,B)) ^ C, where 
C > does not depend on (5 or 6. 

Also, since is bounded from i/^((0, oo),B) into i^((0, oo), 7(i/, B)), there exists C > 
such that, for every 2-atom a satisfying {Aii), 

II^b(«)IIlM(0,oo),7(M)) < C- 

Then, by taking into account that is bounded from _L^((0, oo), B) into _L^'°°((0, oo), 7(-ff,B)), 
we conclude that is bounded from ^^^((0, oo),B) into L^((0, oo), 7(i?,B)). 
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Since the Hardy space H^{{0, oo),B) does not depend on A, in order to see that is bounded 
from i/o((0, oo),B) into H^{{0, oo),7(iJ,B)) it is enough to show that P^+'^oQ^ is bounded from 
H^{{Q,oo),M) into L^{0,oo), where 

n'+'(/)-sup||P,:^+i(/)|l^(H.B), /GL^'((0,oo),7(i^,B)), l<p<oo. 

s>Q 

Since the maximal operator P^^+^ is bounded from L^((0, oo),7(i7,B)) into L^-°°{Q,oo), the 
operator P^+^ o is boimded from iJi((0, oo),B) into Li'°°(0,oo). By using vector-valued 
Calderon-Zygmund theory as in the proof of Lemma 2.3 we can see that P.^^^ o is bounded 
from i?^((0,oo),B) into L^(0,oo). Moreover, as above, we can prove that there exists C > 
such that, for every S > and 6 e B, ||6||b = 1, 

being a — ^X{o,5)- Then, we conclude that P^^^ o is bounded from H^{{0,oo),R) into 
Li(0,cx)). 

Thus the proof of Theorem 1.2 related to Hardy spaces is complete. 

3.2. Our objective is to show that is bounded from BAIOo{{0, oo),R) into BMOo{{Q, oo),^{H,l 
As in Section [2T2| this is naturally divided into the following two lemmas. 



Lemma 3.2. Assume that B is a UMD Banach space and A > 0. We can find C > such that, 
for every r > 0, 

(63) -/ ll^^(/)(-,a:)|l^(^,„)da:<C|l/|lBAfo„((o,co),B), /eBMOo((0,oo),B). 



Proof Let / G PAfOo((0, oo), B). According to (|48|, (|59| and ^ we get 

Since (1 + y^)~-'^||/(y)||BC?y < oo, we can write 

GBif){t,^)^ tDl,P,^+\x,y)f{y)dy, t,xe(0,oo). 



Let r > 0. Since is bounded from L'^{{0, oo),M) into L'^{{0,oo),-/{H,M)) ([6, Theorem 1.3]) 
we get 

1 r , 1 

'\GnifX{0,2r)){-, x)\\^i^H,B)dx < ^||^?B(/X(0,2r))llL2((0,oo),7(_f/,B)) 



r 



C 

< ^ll/X(0,2r)||L2((0,oo),B) < C"! I /I I BMOo ((0,oo) ,B) • 



Moreover, by using (61 1 and (62 1, as in (31 1 we obtain 

2 rr 2^ pr poo 

'\5KifX{2r.,oo)){-,x)\\-,(^H,B)dx < " / / \\M^ X , y)\\ h\\ f iy)\\mdydx 



r 



J2r 



< 



1 r f°° x^ 



-x^\\f{y)\Udydx < C||/||i3A/o„((o,oo),B)- 



Jo J2x y 

Hence, (63l holds with C independent of / and r, and then, G-B{f){-,x) G j{H,M), a.e. x G 
{0,oo). □ 
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Lemma 3.3. Let M be a UMD Banach space and A > 0. is a bounded operator from 

BMOo((0,oo),B) into BMO{{0,oo),j{H,M)). 

Proof. Let / e i3MOo((0, oo),B). We consider the even extension fc of the function / to M. 
Note that G BMO{R,M). 
We define 

GB{fc)it,x) = - / tdxPtix - y)fciy)dy, t e (0, cx)) and a; G M, 
Js. 

where Pt{z) = ^jr^, t G (0, oo) and z G M. 
We have that 



GBife){t,x) = - td,[Pt{x-y)+Pt{x + y)]f{y)dy, < G (0, c5o) and a; G 
Jo 

By using mean value theorem we obtain 



2t 

\d^[Pt{x^y) + Pt{x + y)]\ = - 

n 



y — X X + y 

{t^ + {x~yyy ~ (i2 + (x + y)2)2 



tx 

(64) < ^^(^^r^^-^, t,x,ye (0,00). 
We split Gmifc) as follows: 

eB(/c)(i,2;) = -/ td,[Ptix~y) + Pt{x + y)]fiy)dy 
td,[Pt{x - y) + Pt{x + y)]f{y)dy 

2x 

td,Pt{x + y)fiy)dy- / td,Pt{x - y)f{y)dy 

x/2 Jx/2 

4 

(65) = ^/,(/)(t,a;), t,xG(0,oo). 



According to ( 64 1 we get 



rx/2 / i^oo ,3 \ 1/2 

|/i(/)(-,a:)||^(i/,B) < Cxj^ \\f{y)U^j^ IJTWV '^^ 



< I ll/(y)l|Bdy < C||/||ba/Oo((o,oo),b), xg(0,oo), 



X 



and, as in (351 



/.oo / POO ^3 \ 1/2 

I|/2(/)(-,x)||^(^,„) < ^^j^J\fiy)\\«[l (^T^'^V 



< Cx [ J^^^^^^^dy < C||/||bmo„((o.oo).b), a;G(0,cx)). 



We also have that 



,-2x 

\\h{f){;x)\\^^H,M) < C \\td^Pt{x + y)\\H\\f{y)Udy 

Jx/2 

j-2x / poo ,3 \ 1/2 

< C / ||/(2;)||b / -J-, —,dt] dy 



X 



/2 
2x 



(t + x + yf 



C 

< — / ll/(2/)llBrf2/ < C'||/||bmOo((o,oo),b), a;G(0,cx)). 

^/2 
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We are going to show that Gsifc) G BMO{{0,oo),'j{H,M)). In order to do this we proceed 
as in Section 2.2. Let < r < s < oo. We define / = (r, s) and 21 = {xj — 2dj, xj + 2c?/). where 
xj ^ (r + s)/2 and di — {s — r)/2, and we decompose /c as follows: 

/c = (/c - fl)X2I + (/o - //)X(0,oo)\2/ + // = /i + /2 + /s- 

Since is a bounded operator from L'^{R,B) into L2(M, 7(i?,]B)) ([251 Theorem 4.2]) we deduce 
that 

1 



(66) 



dx<C\\f\\ 



and then, 5B(/i)(',a:^) G 7(-ff,B), a.e. x £ I. Moreover, since f^Pt{x — y)dy = 1, t £ (0, cxj) and 
X G K, Gmifs) = 0. Finally, we study GM{f2)- We have that 

3 3 

GM{f )it,x) - gB{fe){t,x) = ^ j/(/)(t,a;) -J2ljif)it,x), t,xe (0,oo), 



where 



^2^/)(<,^) 



2;/2 



M\t;x,y)f{y)dy, t,x£{0,^), 
M\t;x,y)f{y)dy, t,x€{0,(x), 



2x 



and 



4{f)it, x) = / [M^{t; X, y) + t9,Pt(a; - y)]f{y)dy, t,x e (0, oo). 

Jx/2 



Here, 7^, j = 1, 2, 3, are defined as in (65) and M is the kernel in (47l 



According to (61) and (62) we get 

(xy)^+i 



\\M^{-;x,y)\\H<C 



It follows that, for every x E (0, oo) 



, x,y e (0,oo), X ^y. 



c/2 



1^1 (/)(■, ^)ll7(H,B)< / \\M^{-;x,y)\\H\\mhdy< 



c r'^ 



\\f{v)\Udy < C||/||bmOo((o,oo),b), 



and, as in (31 ), 

\\4{f){;x)\\^^HM)<Cx^ 

We write 

M\t;x,y) = 



2x y 



^^'^^^ll' dy < C||/|lBAfOo((Q,oo),i), X e (0,oo). 



2(A + 1) ^2^A+1 



(2A + l)a;^ 



(sin( 



^2A+l 



((x - j/)2 + t2 + 2xy{l - cos 6'))^+2 
^6* 



d9 



-2(\ + 2\ A+i r (sing)2A+i((:,-y) + y(l-cosg)) 
^ ' Jo ((x-y)2+i2+2a;y(l-cos0))^+3' 

Mi\t;a;,2/) + M2\t;a;,2/), t,a:,2/e (0,oo), 



where 

Mi{t-x,y) = 



2(A + l) ^2^,+i 



(2A + l)a;^ 



ir/2 



(sin( 



^2A+l 



((x-2;)2 + i2 + 2a;y(l-cos6l))^ 



+2 



2(A + 2)2:^ 



1 r''^ (sin6l)2^+i((x-t/)+?/(l-cos6>)) 
io ((x - yY + ^2 + 2x7/(1 - cos 6'))^+3 



d6l 



t,x,y e (0,oo) 



UMD- VALUED BESSEL SQUARE FUNCTIONS IN HARDY AND BMO SPACES 



33 



We have that 
\\M^{-,x,y)\\H < C 

(67) + 
We now write 
M^(t-x,y) = 



„2A+2 



[\X 



- + < + ^)4(^+2) 



dt 



(|x-y|+i + V^)4(A+5/2) 



dt 



1/2 



1/2- 



C X 
< -, Q<-<y<2x. 
X 2 



2(A + l) ^2^,+i 



(2A + l)a:^ 



ir/2 



(sm ( 



^2A+l 



-2(A + 2)a;^+i 
- 2(A + 2)a;^+i 



((x-j/)2 + t2 + 2xy(l-cos6'))A+2 
(sm6l)2A+iy(l-cos6l) 



d6l 



{{x-yY + + 2xy{l-cose)Y+^ 



((x - ?;)2 + i2 + 2xy{l - cos 6l))A+3 



^6* 
d6 



^M{'j{t;x,y), t,x,y e {0,oo), 



We obtain that 

\M^^^it;x,y)\ < C\Ml,{t;x,y)\ < Ct^x^y^+' 
Then, 



tt/2 



g2A+l 



\x — y \ + t + y/xyO) 



\2A+4 



dO, t,x,y ^ (0, oo). 



\\MU--x,y)\\H < C\\M^,,it,x,y)\\H<Cx^y 



A,,A+1 



n/2 



< Cx^y 



A,,A+1 



7r/2 



32A+1 



\x-y\ + y/xyOy 



dO 



\2\+2 



32A+1 



de 



(|x-y|+< + Vxy0)4A+8 



x,?/ g (0, cx)). 



'xy 
\x - J/l 



We put 



being 



■/a (/) = + M^2(/) + M^{f) + H\f), 



MlJf){t,x) = / MlJt;x,y)f{y)dy, t,xG (0,oo), j = 1,2, 



/2 

M2^(/)(t,a;) 



x/2 



M^{t;x,y)f{y)dy, t,xe{0,oo), 



and 



2x 



H\f){t,x)^ [Ml^{t-x,y)+td,Ptix-y)]fiy)dy, i,xe(0,oo). 

Ja;/2 



According to ( 67 ) we obtain that 



mif)ix)\UH,M) < C / \\M^i-;x,y)\\H\\fiy)\\Mdy 

'c/2 



C 

< 

X 



/2 



||/(2/)||Brfy < C'||/||bmOo((o,oo),b), X e (0,oo). 
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Also, by taking into account (68 1 we can write 

iiMi^,,-(/)(-,x)ii,(H,B) < -^^og('l' ^ 



< C 



< c 



x/2 
1 



\x - y\ 



2x 



x/2 



log 1 



\x - y\ 



\\fiy)\\Mdy 



dy 



1/2 



2x 



1/2 



x/2 



\\fiy)\\ldy 



1/2 



log 1 



2 \ 1/2 
C^^i II/I|bMOo((0,oo),B) 



We now consider 

We have that 

H\t;x,y) = - 

= {x-y) 



< C'll/l|sMOo((o,oo),B), a; e (0, cx)) and j = 1,2. 



H^{t;x,y) ^ M^^3{t;x,y) + td^Ptix - y), t,x,y e (0,c»). 



2f 



x-y 4(A + l)(A + 2) 



TT (t2 + (x - y)2)2 
1 



t'ixy)'^' 



Tr/2 



{x - y){sint 



\2X+1 



{t^ + (a;-y)2)2 

■Tr/2 



-2(A + l)(A + 2)(a;y) 



A+l 



Tr/2 



((.T-y)2+t2 + 2xy(l-cos6l))^+3 

02A+1 



^6* 



((a;-y)2 + f2+2;y6l2)^+3 



de 



+2iX + l)iX + 2)ixy)^+' J^^ ^''^'(((^ 



+ 2(A + l)(A + 2)(a;2;)^+i 



7t/2 



y)2 + t2 + a;j;6'2) A+3 ((2: _ y)2 + ^2 + 2a;y(l - cos 9))^+^ 
02^+1 -(sin 0)2^+1 



d6l 



{{x - yY + i2 + 2a;t/(l - cos e)Y+^ 



de 



= ^H^{t,x,y), t,x,y e {0,00). 
By using mean value theorem we get 
\H^{t;x,y)\ < Ct'\x - y\{xy)^+' 

< Ct^\x - y\{xy)^+^ 

< Cf\x-y\{xy)^+^ 

and 

\H^{t;x,y)\<Ct^\x^y\{xy)^+' 

Then 



'^/^ 6'2^+ixy|l-cos6'-6>2/2| 
{{x - yy + + xy9^)^+^ 

7r/2 ^2A+5 



d0 



{\x - y\ + t + ^9)^^+^ 

7^/2 ^2A+3 



{\x-y\+t + ^e) 



2A+6 



d9 



dO, t,x,y ^ (0, 00), 



7r/2 



^2A+3 



{\x-y\+t + ^0) 



2A+6 



A+l 



g2A+3 



< C{xy)^+' 



■k/2 



(|x-y|+i + v^6')4^+i" 

/32A+3 

dQ 



dd, t,x,y E (0, 00). 



1/2 
dt 1 ^6* 



{\x-y\ + ^6Y^+^ 



< c /"^!^.!'. < 0< ^ <y <2x, j = 2,3. 



(v^) 



2A+3 
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On the other hand, after straightforward change of variables we get 

1 



2e 

TT 


{x- 

poo 


y) 


•t 




-J 







J TT 


TT 


{x- 


y) 



(i2 + (a:-y)2)2 

o\ 02X+1 



2(A + l)(A + 2)(a;y)^+i 



(i2 + (a:-y)2)2 
+2(A + l)(A + 2)(a;y)^+i 



l-2(A + l)(A + 2) 



.12 ((x-y)2+t2+^y02)A+3 



(1 + ^2)^+3 

dB 



du 



TT 

It follows that 

\\H^{t;x,y)\\H < C{xy)^+' 



12 iix-y)'^ +t2 +xy0^)>^+^ 



dO, t,x,y e (0, 



q2A + l 



/2 



< C{xy) 



A+l 



(|x - y| + * + ^0)4A+io 

^2A+1 



1/2 

1 d9 



7r/2 - y| + ^/^O) 



2A+3 



< c 



{xy)^+^ f°° d9 C 



2A+3 



We conclude that 



7r/2 



c 



< — , < - < 2/ < 2x < oo. 
a; 2 



\\H^{-;x,y)\\H < 0<-<y<2x<oo, 
X 2 



and hence, for each x G (0, oo), 

\\HHf){;^)h(HM)<C r \\H\--x,y)\\H\\f{y)\\Mdy<- 

Jx/2 ^ 



2x 



\\f{y)Udy<C\\f\\BMOM^, 



By putting together the above estimates we obtain that 

(69) ||^/b(/c)(-, a:) - (/)(•, a;)||^(//,B) < C'||/||ba^Oo((o,oo),b)' 2; G (0,oo). 

Since ^b(/i)(-,2;) G i{H,M), a.e. x G (0,oo), Ql{f){-,x) G l{H,M), a.e. a; G (0,oo), and 
^/B(/3)(i, a;) = 0, t, a; G (0, 00), we deduce that ^B(/2)(-,a;) € l{H,V>), a.e. a; G (0,oo). 
On the other hand. 



\\dAtd^Pt{x-y)]\\^<C 



rdt 



1/2 



< 



c 



a:,?/ G (0,cx)), a; ^ y. 



{t+\x-y\f ) - \x~y\ 
We have established all the properties needed in order to show, by using the arguments developed 
in Section 2.2, that 
1 



(70) 



^^B(/2)(-,a;) - t?B(/2)(-,a;o)||Bda; < C||/||ba/o^((o,oo),: 



where xq G / is chosen such that t/B(/2)(-, a;o) G 7(77,B) and the constant C > does not depend 
on /. 



From (|66|, (|69| and (|70| we deduce that there exists C > such that, for every interval 

: ( 
(71) 



/ C (0, 00). we can find a/ G 7(i?, B) such that 
1 



^B (/)(■> 2;) - a/|lT(ff,B)rfa; < C||/||i3A/o„((o,oo),i 



□ 
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4. Proof of Theorem 11.31 
Properties (i) =^ (ii) and (i) [iii) have been established in Theorem |1.1| and Theorem 

4.1. We now prove that (ii) (i). In order to do this we use Riesz transfoms in the Bessel 
setting. The Riesz transform R\ is defined by 



R\if)ix) = lim / R\{x,y).f{y)dy, a.e. a::e(0,oo), 

<^^0+ Jo,|x-y|>e 

for every / gL^(0,oo), l<p<oo. Here the kernel R\ is given by 

R\{x,y)^ Dx,xPt^ix,y)dt, x,y e {0,oo), X ^ y. 



R\ is a Calderon-Zygmund operator that is bounded from £^(0, oo) into itself and from £^(0, oo) 
into Li'°°(0,oo) (H Theorem 4.2]). 

We define the Riesz transform on LP{0, oo) (S)V>, 1 < p < cx), in the natural way, and the new 
operator is also denoted by R\. In [Ol Theorem 2.1] it was proved that the Banach space B 
is UMD if, and only if, R\ can be extended from i^'(0,oo) (g) B to Lp((0, oo),B) as a bounded 
operator from LP((0, oo),B) into itself, for some (equivalently, for any) 1 <p < oo. 

We consider the operator R*^ defined by 

/>oo 

R*xi.f)ix) = lim / Rxiy,x)f{y)dy, a.e. X e {0,oo), 

e^0+ jQ,\x-y\>s 

for every / € LP(0,oo), 1 < p < oo. This operator has the same L^-boundedness properties of 
R\. Also, the Banach space B is UMD if and only if R^ can be extended from L''(0,oo) (g) B 
to LP((0,oo),B) as a bounded operator from iP((0,oo),B) into itself, for some (equivalently, for 
any) 1 < p < oo. 

In |33l (16.6)] Cauchy-Riemann type equations in the Bessel setting were given. Motivated 
by these equations and using Hankel transform we can see that 

dtP,\RUf)) = DlP^+\f), f e 5a(0,oo). 
In other words, we have that 

G^''(i?A(/)) = ec(/), /e^A(0,oo). 

Since >S'a(0, oo) is a dense subspace of LP(0,oo), 1 < p < oo, by using [S', Theorems 1.2 and 1.3] 
we obtain 

(72) G^'\Rl{.f))=g^{f), /€LP(0,oo), l<p<oo. 

Now, we need to know the behaviour of R*^ on i?o(M) and on BMOoiR). 

Proposition 4.1. Let A > 0. The Riesz transform R*^ is a bounded operator from E{0,oo) into 
itself, where E denotes or BMOq. 



Proof of Proposition 4^.1' the case of E — H^. Since R*^ is a Calderon-Zygmund operator, R*^ is 
bounded from 7J^(0, oo) into L^(0,oo), and there exists C > such that, for every oo-atom a 
satisfying the (Aii) property, 

II^A(a)||Li(0,oo) < C. 
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According to [21 (3.16)], 



(73) 



\Rx{y, x)\ < Cy^+'x-^-\ < y < - < ^. 



Let (5 > 0. li a — |x(o,5)j being R\ bounded from L-^(0, oo) into itself, by (73) we have that 



l^I(a)llLi(0,oo) 



2<5 



\Rl{a){x)\dx- 



2S Jo 
1/2 



\Rx{y,x)\'^dx 



< S iRliaXx^dx + 



C 



1 



< C 1+ U / \a{x)\^dx 



2, 



hs X 

< C. 



A+2 



y^+^dydx 



Here C > does not depend on 6. 

Moreover, since R\ is a bounded operator from L^{0,oo) into L^'°°(0,oo) we obtain that i?^ 
is bounded from H^{0,oo) into L^{0,oo). 

On the other hand, it can be seen that Rx{f) = /ia+i(^a(/)), / e L'^{0, oo) ([Ml §16]). Then, 

i?l(/) = /lA(/iA+l(/)), /G 2.2(0, (»). 
Then, by using Hankel transforms we get, for every / € L^{0, oo), 

(74) PHRIU)) = /iA(e-^^/iA+i(/)) = hxhx+,{P,'+\f)) = Rl{P,^+\f)), s e (0,oo). 
We consider the operators 



Ht{f){x)=sup\P,^iRl{mx)l x€ (0,oo), 

s>0 



and, for every N E N, 



n%,M){x)^ sup |P,^i?K/))(^)l, xe{o,^), 

se[l/N,N] 

where / G 2.^(0, oo), 1 < p < oo. and H^.,, N eN, are bounded operators from LP(0,oo) 
into itself, for each 1 < p < oo. 

Since Dx^yPt{x,y) = -Dl ,^P^^+\x,y), t,x,y e (0,oo), ^ leads to 

P,\Rl{f)){x) = / n\s; X, y)f{y)dy, a.e. x ^ supp /, 



for every / € £^(0,00), where 

n\s;x,y) = 



Dl,.Pt+s\^.y)dt. s,x,yG (0,00). 



By (481 and (49 1 we have that 



POO pc 

/ \Dl,Pt^+\x,y)\dt < C 
Jo Jo 



t + s 



{t + s+\x-y\)^ 



dt<C 



dt 



{t + s+\x-y\f 



(75) 

Then 

(76) 



< 



C 



s+\x-y\ 



, s,x,y € (0,00). 



ll'H^(-;a;,y)||L~(o,oo) 



< 



C 



\x - y\ 



X, y e (0, 00), X ^ y. 



On the other hand, from (^52|, (53) and (54) it follows that 



/ \d,Dl,P,'ts\x,y)\<C 
Jo Jo 



t + s 



dt < 



C 



{t + s+\x-y\)^ - {s+\x-y\) 



s,x,y e (0,00). 
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< 



c 



c 



x,y e (0,00), X y^y. 



x,y € (0,cx)), x:^y. 



Hence, 

(77) \\d,H\-,x,y)\ 
The same arguments lead to 

(78) l|5.^'(-;^'y)|lL~(0,oo)<p^„y|. 

Let N eN. We consider the operator 

HUf){s,x)^P^^{Rl{mx), xe (0,cx)) andse [^,iV 
For every / G 5*^(0, 00), we have that 

(79) n%{f){-,x)= I nx{-,x,y)f{y)dy, a.e. a: ^ supp /, 

Jo 

where the integral is understood in the C[l/A^, A^]-Bochner sense, the space of continuous func- 
tions in [1/N, N]. Indeed, let / e Sx{0, oo). According to (76 1, the integral in (79 1 is convergent 
in the C[l/iV, A^]-Bochner sense, for almost all x ^ supp /. Assume that /i e A^([l/A^, iV]), the 
space of complex measures supported on [1/N,N]. Since A^([l/A^, A^]) = (C[l/A^, A^])*, we can 
write 



oo / poo 



n\-,x,y)f{y)dy]dfi{s) = 



OO pOO 



n^{s;x,y)d^{s)f{y)dy 



"'0 

oo / poo 



'^^{s]x,y)f{y)dy] d^.{s), a; ^ supp /. 



Note that the interchange of the order of integration is justified by (76 1. 

According to the vector-valued Calderon-Zygmund theory, since T-L^ is bounded from L^(0, oo) 
into itself, estimations ( 76 1 , ( 77 ) and ( 78 1 imply that the operator T-L^ can be extended to 
L^(0, oo) as a bounded operator from £^(0, oo) into L^'°°((0, oo), C[l/A^, A^]) and from H^{0, oo) 
into L^((0, oo), C[l/A^, A^]). Moreover, if we denote by H'^ to this extension we have that 



and 



sup ||'H^||Li(o.oo)^Li.°°((0,oo),C[l/Ar,Af]) < OO, 



sup ||H^r|l//i(o,oo)-^Li((0-oo).C[l/Af.Ar]) < 
AfGN 



We now show that n^{f) = U^if), f e L'^{0,oo). Indeed, let / e ii(0,oo). We choose a 
sequence {fn)neN C S'a(0,oo) such that /„ — > /, as n — > oo, in L"'^(0,oo). Then 

in L^'°°((0, oo), C[l/A, A]). There exists an increasing sequence {nk)ke'ei such that 

W^NifnJi-^x) -n^{f){x)\\c[l/N.N] ^ 0, as fc ^- OO, 



for almost all x G (0,oo). Moreover by (75), 

■^Af(/nJ(5'2;) — > 'H^{f){s,x), asfc^oo, s, a;e(0, oo). 

Hence, n^{f){s,x) = [■HAr(/)(x)](s), s £ [l/N,N] and almost all x e (0,oo). 

We conclude that V.^ is bounded from £^(0,00) into Li^°°((0, 00), C[l/A, A]) and from 
H\0,oo) into Li((0,oo),C[l/A, A]). Moreover 

sup ||'H^||Li(o,oo)^Li.~((0,oo),C[l/Af,JV]) < OO, 
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and 

sup WHnW {0.oo)->Lmo,oo),C[l/N.N]) < OO. 

AfeN 

Then, is bounded from L^(0, oo) into L^'°°(0,oo) and from H^{0,oo) into L^{0,oo). 
In order to see that is bounded from H^{Q,oo) into L^(0,oo) it is enough to show that 
there exists C > such that, for every oo-atom a, 



(80) 



II^*(«)IIl1(0,oo) < c. 



Since is bounded from H^{0, oo) into L^{0, oo), for a certain C > 0, (80) holds provided that 
a is a an oo-atom satisfying (Aii). Also, by using (48 1, (59 1 and (60 1, and by proceeding as in 
( 75 1 we deduce that 
(81) 



ll'W^(-;a:,y)||L~(o,oo) < CixyY 



xy 



\x~y 



2A+3 



y 

\x~y 



2A+2 



<^P^' 0<y<-<oo. 



Also is bounded from L^(0, oo) into itself. Then, for every a = jX(o,a)i with (5 > 0, by (811 
we get 



l^*(a)|lLi(0.oo) 



< 



25 



\n^ia){x)\dx + 



25 Jo 



\'H^{-;x,y)\\L^(^o,ac)\a{y)\dydx 



(82) 



25 X 



A+2 



y^^^dy I < C, 



where C > does not depend on 5. 



Hence (80) holds and we obtain that Ti.^ is bounded from H}^{Q,ix)) into L^(0,oo). We 



conclude that R\ is bounded from Hl{Q, oo) into itself. 



□ 



Proof of Proposition 4..1- the case of E = BMOo{0,oo). Suppose that / G BMOo{0,oo). Let 
r > 0. Since R*^ is bounded from L^(0,oo) into itself and that (see [21 (3.15)]) 



(83) 

we obtain 
1 



\Rxiy,x)\<C- 



A+l 



y 



< 2x < y < oo, 



Rl{f)(.x)\dx < 







R\ifX{0,2r))ix)\dx+ / \Rl{fX{2r,co))ix)\dx 



< C 



< c 



\Rl{fXiO,2r)){x)\'dx] + 



1/2 



r poo 



\Rxiy,x)\\fiy)\dydx 



\f{y)\'dy 



1/2 



2r y 



< C\\f\\ BMOo {0,oo) 5 



where C > does not depend on r. 

The next step is to show that i?^(/) G BMO{0, oo). 

We consider the even extension /o of the function / to M. Then, /c G BAIO{M.). According 
to jini p. 294] the Hilbert transform io(/c) given by 



^(/e)(x) 

is in BMO{R). 



lim 



1 



0+ TT J\x^y\>6 \X-y 



1 



XR\(-i,i)(y) 



fe{y)dy, a.e. x G 
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In [3 (26) and (27)] it was seen that 



1 



r2x 



^{Ie){x) - lim 



1 



X(l,oo)(?/) 

y 



f{y)dy e L°°(0,oo), 



and 

(84) 



lim — 



e^0+ TT J^/2,\x-y\>s \X ~ V 

We now show that 
(85) 



1 ^ X(i,oo)(y) 



fiy)dy 



<c\\f\\ 



L°=(0,oo) 



1 



2x 



lim 

e^0+ TT J2:/2,|x-y|>e y 



1 



X(i,oo)(y) 



< C'll/llsA/OolCoo)- 



L°=(0,oo) 



By using [SJ (5)], (73 1 and (83), as in [8, pp. 319 and 320] we deduce that 



Rl{f){x) + lim - 

e^0+ vr Jx/2,\x-y\>e 



< c 



X(i,oo)(y) 



x-y 



f{y)dy 



12 y 



1 + log. 



F - y\ 



\!{y)\dy- 



X(i.oo)(y) 



x/2 



1 



a:/2 



< C 



1 

+ - 
a; 



22; 



12 y 



1 + log. 



F - 



2x y 
2 \ 1/2 



2x \ 1/2 

2, 



l/(y)M2/ W 



2a; 2/ 



l/(y)l , ■ 



< C'll/l|BAfOo(o,oo), a; e (0,00), 



where log_|_ z = max{0,logz}, z e (0,oo). Thus. (85l is established. 

From (|84| and (ISSl, since e BAfO(M), we deduce that i?*(/) e SMO(0,cx.). 



□ 



Since Lf{Q, 00) (g) B C i?oHO> 00) ® B, by Proposition 4.1 i?* (/) e 



Let / e if (0,00) € 

iJi(0,oo) (gB. 

Assume that (ii) holds for i7i(M,B). By (|72| it follows that 

I|-^a(/)IIh1((0:Oo),B) < C'l|G^^^(i?^(/))||//l((o,oo),7(/i-,B)) < C*!!^! (/)I1h1((0,oo),7(M)) < C"!! /II ffi ((0,oo),: 

Since i?i((0, oo),B) C i/„i((0, oo),B) C ^^((O, oo),B), according to [311 Theorem 4.1], i?* can 
be extended to LP((0, cx)),B) as a bounded operator from LP((0, cx)), B) into itself. Then, we 
conclude that B is UMD. 

When it is assumed that (ii) holds for i?AfOo((0, oo),B), by proceeding in a similar way, we 
can prove that B is UMD. 

Thus, the proof of [ii) (i) is complete. 

4.2. We prove in this section that (iii) (i). In order to see this, we use that the Banach 
space B is UMD if, and only if, for every 7 S M \ {0}, the imaginary power A^''' can be extended 
to L*'((0, oo),B) as a bounded operator from L^'((0, oo),B) into itself, for some (equivalently, for 
every) 1 < p < 00 (see Proposition 5.1]). 

Let 7 e M \ {0}. We recall that the imaginary power A'^''' of Aa is defined by 



Ar(/) = /iA(y'*^/iA(/)), /ei2(0,oo). 
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Since h\ is an isometry in L^(0,oo), A^'' is bounded from L^(0,oo) into itself. Also, A'^''' is a 
Laplace transform type multiplier for the Bessel operator A^, because 

„2»7 - „2 / ^-y^u_ 



Jo r(i - 17) 

Laplace transform type Hankel multipliers have been studied in L3j and [ISj. According to the 
results established in [5] and [T3] the imaginary power A^''' is a Calderon-Zygmund operator 
defined by the kernel 

1 f°° 

(86) Kl{x,y)^-— — / t-'-^dtW^{x,y)dt, y € (0, 00), x ^ y, 



r(i - i7) 

where Wi{x,y) is the heat kernel for the Bessel operator Aa, and it is given by 

Whx,y) = ^/a-i/2 (If) t,x,y & (0,oo). 

Here represents the modified Bessel function of the first class and order v. 

Moreover, the operator A^"^ can be extended to ^^(0, 00) as a bounded operator from LP{0, 00) 
into itself, for every 1 < p < 00, from L^(0,oo) into L^'°°(0,oo), and from iJ^(0, 00) into 
L^(0, cx)). This extension, that we continue denoting by A^'', has the following integral repre- 
sentation, for every / G i^'(0,oo), 1 < p < 00, 



(87) 



A',^f){x)^ \im la{e)f{x)+ r Kj{x,y)f{y)dy] , a.e. x e (0, ex.), 

^^^0+ \ JO,\x~y\>E ) 



where a is a measurable bounded function. 

The operator A^''' is defined on L^(0, 00) (g) B in the natural way. 
Let 7 g K \ {0} and /3 > 0. We define the operator T^^^ by 

1 /■* 

T-y^fj{h){t) = -g {t- sf^'^h{t- s)ijj^{s)ds, i > 0, 
t Jo 

for every he H, where ^^7(5) = s-^'^'/Til - 2-fi), s e (0,cx)). T^, ;3 is a bounded operator from 
H into itself. 

If / e 5'a(0, 00) we proved in [S', (55)] that 

(88) G^^^{A'^{m;x) = -G^'^+\f){;x)oT^^p, a.e. x e (0, 00), 

as elements of "f{H,C) = H. Moreover, the two sides of ( [88| define bounded operators from 
LP{0, 00) into LP((0, 00), H) (see Theorem[rT]and Theorem 6.2]), for every 1 < p < 00. Since 
S\{0, 00) is dense in LP{0, 00), we deduce that ( [SS] ) holds, for every / £ i^(0, 00), 1 < p < 00. 
In the following proposition we establish the behaviour of A^"*^ on H^{0, 00) and BAIOo{0, 00). 

Proposition 4.2. Let 7 e M \ {0} and A > 0. The operator A^^ is bounded from E{0,oo) into 
itself, where E denotes or BMOo- 



Proof of Proposition 4^.2' the case of E — H^. In order to show that A^''^ is bounded from 7/^(0, 00) 
into itself we consider the function (pj{x) — x^''', x e (0, 00). It is not hard to see that 

sup||77(-)<p^(i-)||L2(o,oo) < 00, 

where 77 G C^(0, cxi), the space of smooth functions with compact support on (0,oo), and 
II ' llLf(Ooo) denotes the Sobolev norm of order 1 and exponent 2. According to [TTl Theorem 
4.11] we deduce that A^''^ can be extended from A = {a 00-atom for H^{0, 00)} to H^{0, 00) as 
a bounded operator from H^{0, 00) into itself. We denote by A^''' to this extension. 
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Suppose that / = X^jgn where, for every j G N, aj is a cx)-atom and Xj G C such that 
X^jeN l-^jl < i^ave that 

Since H^{0, oo) is continuously contained in L^(0, oo), the series J^jLo ^j^^xi^j) converges also 
in L^(0, oo), and then in L^ °° {0,oo). Also, the operator A^'' is bounded from L^(0,oo) into 
ii'°°(0,oo). These facts lead to A!t'(/) = A\'^(/). 

We conclude that A^'*' is bounded from H^{0, oo) into itself. 

Proof of Theorem\4-S\ the case of E ~ BMOq. In a first step we prove that 



□ 



(89) 



\Kl{x,y)\ < C |^__^|2A+i ' G (0:Oo), a; 7^ y, 



being Kj^ the kernel in ( 86 1 . 

We will use the following properties of Bessel functions I^, u > —\ (see [301 PP- 108, 110 and 
123]): 

d 



(90) 



dz 



(z-'^/,(z)) = z-^/.+i, ze(0,oo), 



(91) 
and 
(92) 



^ ' 2''r(i/ + l) ' 



^yi/,(z)=o(i). 



According to ( 89 ) we have that 



dtWt\x,y) - dt 



■y) fxy\-^+^/^ fxy\ 
^TV^V2tJ ^^-i/H2tJ 

{2X + l){2t)-'-y'ixy)'[^y 



-A+l/2 



/2 



(i) 



I 2^ J ^^+1/2 V 2^J 



{xy)^ xy 
"(2<)^+i/2^ 

(2t)^+i/2 V2J ^-^'^\2t) 



4t2 



t,x,y € (0,00). 



From (91 1 we deduce that 



(xy)^ 

l\+3/2 ■ 



t,x,y & (0, 00) and < 



and by ( 92 1 we get 



\d.W,\x,y)\ < Ce-l-IV(-) ( ^ + ^ 



< C- 



-c\x-y\^/t 



t3/2 



-, t,x,y £ (0,00) and xy > t. 



Hence, 
(93) 



\dtWt^ix,y)\ < Ce-"l^-^l'/* 



t,x,y e (0,00), 
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and then, 



(94) \Kl{x,y)\<C{xyf 
We define the operator A^^ on BMOo(0, oo) as follows: if / e BMOo{0, oo) and 5 > 0, 



Al^if)ix) - A\^{fx(oM))ix) + / Kj{x,y)f{y)dy, a.e. x e (0,<5). 



25 



This definition does not depend on 6 (in the suitable sense). By (94 1 we have that, for every 
6>0, 

\ 1/2 



1 

SJo 



\A\^if){x)\dx < 



< 



1 



\A\^{fXio,2S)){^)\'dx\ + 



C 



6 poo 



S Jo J2S \x - y\ 



2S \l/2 ^ 



IfiyWdy 



6 



2s y 



^^dydx 



< C||/|1bmo„(o,oo), /eSA/Oo(0,oo). 

Hence, \A^{f){x)\ < 00, a.e. a; G (0,oo), for every / e BMOo(0,oo). 

Let / e BMOo{0, 00). We are going to show that A^''(/) e BMO{0, 00). It is wellknown that 
BMO{0, 00) — {H^{0, 00))*. We denote by .4(0, 00) = span {a is 00-atom satisfying (Aii)}. Let 
g ^ A. We choose S > such that supp g C (0, S). Then, 

/^;:{f){x) = A'^(/x(o.25))(2;) + / Kl{x,y)f{y)dy, a.e. x S {0,6). 

J25 



Since A^''' is bounded from X^(0, 00) into itself, (94 1 leads to 



\A',^{f)ix)\\gix)\dx < 



< 



A'^{fX{o,25){x)\\g{x)\dx 

S foo 

J 25 

5 



if2(x,2/)||/(2/)|d2/|g(x)Mx 







-C 



A\^fXio,25)i^rdx 

' jxy) ^ 
725 



5 \l/2 







2A+Tl/(y)Myl5(a;)Ma: 



< c 



SJo 



2S 



\f{x)\'dx 



1/2 






fx" r 








Jo J2S 



^ C'll/l|sMOo(0,oo), 



because g S L°°(0, c»). 

We define the functional £ on by 

>C(g) = 



A^''(/)(a;)g(x)da;, geA 



Let g ^ A such that supp g C (0, (5) with S > 0. We can write 

^{9)= / A\'^(/X(o.25))(a;)5(a;)rfa; + / g{x) / Kj{x,y)f{y)dydx. 
Jo Jo J2S 



Since, as it was seen, 



\g{x)\ \K2ix,y)\\fiy)\dydx<cx,, 
J2S 
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according to ( 87 ) we get 

/•oo /"OO (^5 /•oo 

g{x) Kj{x,y)f{y)dydx ^ f{y) Kj{x,y)g{x)dxdy ^ f{y)A',^g){y)dy. 

J2S J25 Jo J2S 

By using Plancherel's equality for Hankel transforms it follows that 

g{x)A';^{fXio,2S)){x)dx - / f{y)A';^{g){y)dy. 



Hence, 



We also have that 



£(5) = fiy)A\^{g){y)dy 



2S /■oo rS 



|/(y)Al^(5)(y)My < / \f{y)\\A^;j{g){y)\dy + J^^\f{y)\l \Kl{x,y)\\g{x)\dxdy 



< 



25 \ ^1"^ noo cA+1 

\!{y)\^dy\ |lA\-^(g)|U.(o.oo)+C / -^^\!{y)\dy 

I J2S V 



< c{Vs\\ 

5II -L^ (0,00) + 1)11/11 BAIOo (0,00) <c\\f\\ 

BAIOa (0,00) • 

According to |1] Proposition 2,5] adapted to this Bessel setting (see also fTT]), since A^'^ is 
bounded from H^{0, 00) into itself, we deduce 

\^{g)\ < C\\f\\BMOa{0,oo)\\A^x {g)\\Hi{0,oo) < C*!! /|| BAfOo(0,oo) llff i (0,oo) • 

Here C > does not depend on g. 

We conclude that At7(/) e SMOo(0,oo) and |1 At^(/)|lBMo„(o,oo) < C\\f\\BMO.io,oo)- □ 

Suppose now that (Hi) holds in the Hardy setting. Let / e 77^(0,00) (g) B, According to 
Proposition 4,2 A'^{f) e H^{0,oo) ®M . Then, by using (88 1 and by taking into account [42| 
Theorem 6,2] we get 

ll^r'(/)llHoM(0,oo),B) < C'lIGg '^(A^'^(/))||^i((o,oo),B) < lIGg '^+^(/)||_H-i((0,oo),B) < C*!! /II ifi ((0,oo),B) • 

According to [31, Theorem 4,1] we deduce that A^"^ can be extended to LP{{0, 00), B) into itself, 
for every 1 < p < 00, 

Hence, by |6j Proposition 5,1] we conclude that B is a UMD space. 

By proceeding in a similar way we can prove that B is a UMD space provided that (iii) holds 
in the BMO situation. 

Thus, the proof of this theorem is finished. 
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